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1. Imitroduction

The coneepis of scale Invarlamee amd sealing bhehavior are now nereasingly
applied ouslde their traditional domains of application, the physical selenees.
Their application to financial markets, initiated by Mandellrot |1, 2] in the
190, has experienced a regain of Interest in the pecent years, partly due to
the abundance of high-lrequeney data seis amd avallability of computers lor
analyzing thelr statktical properties.

This lecture is imended as an introduction and a briel review of curmem
research in a fleld which is becoming nereasingly popular in the theoretical
physics commupnity. We will try 1o show how tle concepts of scale Invariance
and sealing hehavior may be uselidly applied in the framework of a statistical
approach to the study of nancial data, pointng out at the same 1ime e
limits of such an ap proach.
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2. Statistical desceiption of market data

Cuaniitative research mainly locuses on “ligquid” financial markeis Le. orga-
nized markeis where transactions amw freguent and the mumber of aciors is large.
Typleal examples are lorelgn exehange markets, organked luiures markets amd
stock ndex markets amd the market lor large stocks. Prices are recorded sev-
eral times a minugte In such markets, creating mines of data to ecpleit. Such
markets are complex systems with many degrees of freedom [3], where many
intermal amd external factors Interact at each Instant in order to fix the tramsac-
ton price of Inancial assets, Varlows aciors such as public policy, Intersst rates
and economic conditions doubtlessly Influence market behavior. However, ile
precise nature ol thelr influence s not well kpown and glven (e complex nature
of the pricing mechanism, simple deterministlc modek are unable 1o reprosdpce
the properties observed In Ananclal time serles. Furibermore, alibough the de-
talls of the price xing mechanlsm- market microsiructune - may bhe different
Irom one market to the oiber, what Is sirking Is the universality of some slmple
slatistical properiles of price Quctwations, prompiing & unified approach to the
stdy of diferent ty pes of markeis.

Ag In the case of other iypes of complex sysiems with universal characteris-
tes, a stochastle approach las proved 1o be frolifol in this case. An Investor
buying a inancial asset at time § and selling it at time £ +T 15 primarily inter-
ested In the [relative or alsoluie) variation of the price between § and § + T,
The main ohject of study in this ramework & therelore the probability density
Tunetlon (PDF) of the neremenis at a given time scale T Le. tle probability
distribution Pr of 2(f + T) — 2(t) where 2(1) s the prige of tle asset at time
i. This approach was inapguraied by Lous Bacheler who first introdsced ile
idea that stock market prices belave as a random walk [4], and who considered
Brow nlan motion as a candidate or modeling price Huciuations.

Bachelier's mosde], applied 1o the logarithm of the prices (o ensure positivity
of the price!), beeame very popidar in the 1950s [5] and it is one of the main
ingredients of the famois Black-Schoks option pricing formula [6]. This model
Implies that the nerements of assel returns jor assei prices) are ndependent
Mentlcally distributed [1id) Gawsslan varlahles. Indeed If one comsiders each
price change as a sum of many small and Independent random coniribuiions
Irom vardous market [actors, ile Ceniral Limit Theorem sugeesis the (zaussian
as a natural camdidaie.

Figure 1. glwes a iypleal example of ile empirical disicibuilon of tlbe i
crements of asset prices, In the case tle U5, Dollar) Denischemark eochange
rate, sampled every S minuies. Tle conirast with the Gasslan Is sirking: this
heavy tailed' or leptokurtle’ character of the distribution of price changes,
has been repeatedely olserved In variouws market data and may be gquantitavely
measure by the kurtesls of the distribution Pr defined Ty :
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being stable nnder comralition: in other woards, the suom of two iid Lévy-distobuted
variahles & ako Lévy distributed, with the same stability index g More preciely, if
Xj,i= l.nam niid g-stable rand om variables with sem mean then the renommalised

fqihials
_ B
Sn= Alip

has the same PDF as the X;. In particular, the sum scales as AU and nat 2
W™ which & the case in diffusive random walks. Lévy distributions, in addition to
their stability under comvalution, have other interesting properties: eccept for the
Gamssian {p = 2) all pstable PDFs have power-lay taik with exponent 14 p:

pule) = S (3

lesfing to an infnite varmnoe and heavy tails.

These observations led Mandelbrot to propose stable Lévy distributions as candi-
dates for the PDF of price changes of financial msets |1 2. Mandelbrot abserved
that stable ditributions offer a heavy tailed aliernative to Bachelier's model while
still enabling a justiication of the model in terms of the Central Limit Theorem [see
above)l. Furthermame, their stability under comvalition gives riie to the scale invari-
amce of the procms: if appropriately rescaled | the increment st seale A+ will have the
smme detrbution as the inrement at scale 7

Py (z)= IIJ""‘-[E':I | = NnliH

The above relation means that the price procss ofi) & self-similer with a seli-
similarity expoment which is the inverse of the stability indec g Selfsimilanty in
market prices was fivst remarked by Mandelbrat in the 1960s in h# seminal wark
m cotton prices 1], Hecent studies have confimmed the presence of self-smilarity
amdd scale invariant properties in waroms markets: the Milan stock exchange [11], the
BEP500 indese [12], the CACHD [Par® stock market) index |13] and forsign exchange
markets |14, 15] amd madividual french stocks |16]. The value of p may be ctimated
for example by examining the scaling behavior of the probability of seturn to the
arigin P {0}, which scales as 577, which & indeed the method wsed in |12, 13). The
vahee of g found depends on the market considered but all vahes fall between L5 and
LT, g being kwer for more valatile markets.

4. Beyond scale invarianes: truncated Lévy Hights

Although the representation of price increments as Lévy-stable did variables accounts
for their leptakurtic character 2 well as their self-similar properties, it hes several
drawhacks: caredful comparion of the dtributions at varions time scales show that in
fact it is noet scale invardant |8, 15, 7. The sel-similarity properties deseribed above
do nat hald at all tine scales but anly for short anes, typically less than a week. For
example, i the price followed a Lévy walk, differnt methods of estimating the self-
similarity parameter woukl give the same wahe, nanely 1. Yet in practice, data
from different time rsalutions give different whies of the selfsimilarity exponent,
beetween (1.5 {the vahee for a Brownian diffusion) and 008 [= 1/ with g = 1.7
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Fig. 2. — Left: Scaling behaviar of the variance of price merements for S5 500
index futures: the varianoe incresies lincarly with the time scale, a property which &
cemsistent with the absence of dgnificant Bnear correlation. Hight: Scaling behaodor
af the kurtasis of price inaements for 361 500 mdee fotures: the kurtoss decresies
more skwly tham in the cae of Gd increments where it decreases 2 1N, The solid
Ene represents a fit with <[ = (1)) T.

Furthermore, while the best fit by a stable Lévy distributiom  [12] desicribes quite
wedl the central region of the empirical ditribution, it still owrestimates the probe
ability for edtreme fuctuations: in other wonds, Lévy ditributions hawe taik that
are ‘oo fat’ compered to fuctuations of real prices. Tails of empirical distributions
may bestudied moare cosely by ramk-ond eving technigques [17] {also called Zipd plots ).
They tum mui to decay mare shwly than a Gawssan bt mare quickly than any Lévy-
stable distribution [8, 18]: their decay is hetter deteribed by an expanential tail. Last
but not beast, real price chamges turn out to have findte vadance |8, 15]: the adance
af a data set conmverges to a findte vahe when the size of the sample is ncreased rather
than diverging to infinity as woukl be the case ff the price changes where Lévy-stable
i variables.

These apparently contradictory mpocti- selfsimilarity at short time scales, break-
dirwen of sealing for langer time soales, runeated power law tails, finite variance may
be blended together into a consistent picture by a truncated Ldey fight deseription
|19, 8 20]. The idea & to use a distribution which coincides with a stable ine around
zera e for small fuctuations, has heavy taik yet decreases to mem fast enough to
msure a finite vadance. The & done by truncating the stable distribution pu given
above. The truncation may be done in varous faahions: for emmple, plr) may be set
ta mera for o greater than some cut-off parameter as in [19]. We have choaien here a
smaath exponential truncation as suggested in [21] which affers the advantage of re-
sulting in am infinitely divisible distribution 9] and enabling an analytical escpression
for the characterutic functiom to be obtained:

8(2) = expl 2l fa” +2) canl arctan E1) — o) (4)

The aluve expression differs from the characteristic function of a stable w by the
presience of a cut-off parameter o, & 2) is defined such that it ha a regular Talor
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expamsion at the origing, asuring the finitencs of all manents. In tenns of the variable
x, pr) decays expamentially for large wahes of o, which describes adequately the
decay of the taik of the PDEF of empirical price changes. The ssymptotic behadar of
@ is given by

8z}~ _oulz)

ie. for small values of v, p{r) behaves ke a Lévy-stahle bw of indee g We can
nenw procesd to describe the behavior of a random walk with #d increments having
a truncated Lévy PDF pir). For short time scales, plr) behaves ke a stable bov of
index g the short term dynamics of the proces & therefore cormectly desioribed by
a Livy flight which gives rise to the scale inarmnoe with a self-similarity exponent
H=1'p |1,2,11,12]. However, since the variance of the distibution & finite, the
Gamsmian wrsion of the Centmal Limit Theorem applies and for lrge time scales
T % T° = kr, where x & the kurtoss of the dstribution P-(z). Thus at lage
time resalutions the distribution Pr will approach a Gamsian, which & cons®tent
with the fact that the kurtoss tends to meo when T — oo (Fig. 2). Between these
twn megimes - Lévy fight for short times and Gassan diffusaon for bng tines- s a
crosaver regime which & characterized by the appeamance of fluctuatioms of the order
1.
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Iig. 3. — Bank ordering of S-minute increments of S5 500 ndex fotures. The conu-
lative distribution function of price increments & well represented by an ecponentially
trumcabed Lévy distribution with finite variance.
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5. Correlation and dependence

It is a welkknmown fact that price movwements in Bguid markets do oot exhibit any
significant autocarrelatiom: the antocarrelation finction of the price chamges

_dxdxy - = dry . T
ciry= var|drl

rapidly decays to mero in a few minutes: for T 2> 15 minutes it can be safely
zummed to be memo for all practical purpeses [20]. The absence of significant linear
corre lations in price mormments and asset returns has bemn widely docnmented |22, 23]
el aften cibed = suppeart for the "Effident Market Hypotheis” [24]. The alsence
af comelation B imtuitively easy to undemtamd: d price changes exhibit signifi cant
crrelation, this crrelation may be wed to omeeibve a simple strategy with positive
expected earnings; such strategios, termed arbitroge, will therefore tend to medwce
cormelations exoept for very short time scales, which meprsient the fime the market
takes to react to new infarmation. This correlation fime & typically several minubes
for argamized futures markets and even sharter for freign mochange markets.

The fast decay of the comelation funcim implies the additivity of vadances: for
momelated variables, the vardmce of the sum is the sum of the variances. The
absence of linear correlation is thus consistent with the Enesr increase of the whance
with reipect to time scale.

Hemwrever, the absence of serial comelation does not imply the mdependence of the
increments |7): for example the sguare ar the absalute value of price changes exchibits
dinwly decaring serial correlations. Figure 4 diplays the antocormelation function
AT of the squame of the increments, defined -

glT) = ‘i;l‘i;i_*r ~ E{ &f—':l" _ ‘ir‘f‘h'.f_i" ~ "‘“’_jl ‘i“'.f_*r
war{#x? ) () — a7

for SLP 500 Futures The slow decay of g{T) (Figure 4) is well represented by a
pwer ko |7):

gik) = :'E =037+ 0BT  go=008

This slew relaxation of the corelation finction g indicates pemBtencs in the smie
af lnctnations. Ckher measures of the scale of fluctustions, such as the alsaluie
vahe of the inrements, exhibit the same iype of pemitence, a phenmoenan which
czm be related to the " cstering of valatility”™ | well known in the financial Btemture:
a large price movemnent tends o be fallowed by anot her large price movement but not
necesganly i the same directon.
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IFig. 5. — Pourier transform of the price antocorrelation function (oot + 70 =
a function of temparal fregquency for the DEM-USD exchange mate (Ot 1991-Menr
199 | bottom curee) @ compared to the &5 powerlaw spectrum obserwed for the
spatial wlocty fuctuations in turbulent fows [the data were recorded by Y. Gagne
md collaboratars in a wind tunel experiment at i, = 3050 {top curve).  Inset:
Fourier transform of the price change mtocomelation fimction (Ax(#iAxt + 7)),
which & completely fat [and would behave as the /3 — th power of frequency in
tur bulent Aows). Units ame arbitrary.

7. Conclusion

The above comple ihstmates that although methads of statBtical physic: and in
particnlar the comeepts of scaling and seale inananee may be sweomsfully applied in
the study of market price fuct uations, sanetimes revealing unsuspocted properties of
fimancial time series, analgies with problems in physics shoukd be handled with care
in arder to avoid ermoneous conclusions. Keeping this point in mind, the scentific
study of financial markets proves to be a fasdinating subject in itself in particular
for the physicist whose thearetical took may prove ta be nseful in umcovering new
propertic and mechan#me in financial data
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