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Abstract

In this paperl develop a new computationalmethodfor pricing path dependenbptions.
Usingthe pathintegral representationf theoptionprice,| shav thatin generait is possibleto
performanalyticallyapartialaveragingovertheunderlyingrisk-neutradiffusionprocessThis
resultgreatlyeaseshe computationaburdenplacedon the subsequemumericalevaluation.
For short-mediumermoptionsit leadsto a generalapproximatiorformulathatonly requires
the evaluationof aonedimensionalntegral. | illustratethe applicationof themethodto Asian
optionsandoccupatiortime dervatives.
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1 Introduction

Financialderiatives(eg. optionsandfutures)derive their valuefrom anunderlyingtradedfinan-
cial security whoseprice is modeledby somestochastiqrocess.In their mostgeneralform, the
optionpayof is pathdependensinceit depend®ntheentirefuture pathtraversedoy theunderly-
ing security Pathdependentptionsaredefinedusingeitherdiscreteor continuougpricesampling.
For continuoussamplingclosedfrom solutionsareoftenavailable,but in practicemosttradedpath
dependentptionsarediscretelysampledlt is known thatthe applicationof theseclosedform so-
lutionsleadsto substantiapricing errorsfor discretelysampledoptions[1, 2, 3]. This featurehas
necessitatethe developmentof practicalandefficient computationamethodsfor the evaluation
of pathdependenbptions[4]. Most researctasfocussedn eitherpartial differentialequation,
Monte Carloor treebasednethodsIn contrasto theseapproachesn thispapen will developan
alternatve basedn the pathintegral formulationof the pricing problem.

For mary years,theoreticalphysicistshave beendeveloping and applying the path integral
methodfor calculatingexpectationssimilar to thosenow beingencounteredn the evaluationof
financialderivatives(via the risk-neutralvaluationformula). A pathintegralis aninfinite dimen-
sionalRiemanniarintegral asthe integral is performedover a setof functionsor paths.The path
integral methodis uniquein thatit givesa global formulationof the problemin question. This
global descriptionprovidesa powerful tool for derving analyticalapproximationand numerical
solutionschemeghat are difficult or impossibleto formulatein otherways. Formally, the path
integral methodis easilyextendedto multi-dimensionabroblems.Much of the driving force be-
hind the developmentof pathintegral numericalmethodsin physicshasbeenthat, comparedo
othermethodsthey shav only a slow increasen computationatompleity asthe dimensionality
of the problemincreasesPath integral methodswerefirst introducedby Feynmanin 1942asan
alternatve formulationof quantumphysicg[5, 6]. They have foundwide applicationin the evalu-
ationof boththerealtime dynamicsandequilibriumstatisticalmechanic®f quantummary-body
systemd7, 8, 9]. They arealsoa popularandnaturaltool for the analysisof diffusionprocesses
[10, 11, 12], includingnon-Marlovian systemsvherethereis alack of practicalalternatves[14].

The applicationof pathintegral methodsto financialderivativeswaspioneeredoy Dashwho
developeda pathintegral framework for pricing bondsandoptionswithin onefactortermstructure
modelg15, 16,17]. Morerecently Linetsky [18] wasthefirstto shov how pathdependenbptions
couldbeformally pricedin apathintegral framewvork. He consideredeveralexamplesof oneand
two factor path dependenbptions. Baaquie[19] hasshavn how pathintegral methodscan be
usedto pricevanilla optionswith stochastio/olatility. The sameauthorhasalsorecasthe popular
Heath-Jarrar-Morton modelof forwardinterestratesasa problemin pathintegration[20]. Similar
to Dash,Otto hasmorerecentlyshovn how to usepathintegrationto pricebondsandbondoptions
undergenerakhortratemodelg21]. Bennatiet-al[22] have focussedn amulti-dimensionapath
integralformalismfor solvinggenerafinancialproblemshasemdn system®f stochastiequations.
All theseprecedingauthordocusseamngeneraformalismandexactly solvablemodels.They have
shawvn that pathintegrals constitutea naturalframevork for describingthe evaluationof general
multi-factorderiatives. Although pathintegral methodsoffer anattractve way of obtainingexact
solutionsthey cannoffind exactsolutionsnotavailableusingmorestandardnethods Thegreatest



promiseof pathintegral methodswill bein thedevelopmenif new numericalandapproximation
methoddor addressingricing problemswhereexactsolutionsareimpossible.

Pathintegral numericalmethodsnvolve the evaluationof a multi-dimensionaintegral, either
by deterministicor Monte Carlo methods. A review of deterministicand Monte Carlo method-
s, developedfor physicsapplications,canbe foundin Drozdor [11] and Makri [7] respectiely.
An independenandmuchmorerecentdevelopmenthasbeenthe applicationof pathintegral nu-
merical methodsto financialderivatives. This was pioneeredoy Eydeland[23] who, usingfast
Fouriertransformmethodshasderived a deterministigpathintegral algorithmfor calculatingthe
generatingunction of a randomvariabledefinedasthe time integral of a generaldiffusion pro-
cess.He pointedto a numberof potentialfinancialapplicationsof this algorithm. Chiarellaand
El-Hassarhave appliedthe methodof Eydelandto the pricing of Americanbond optionsin the
Heath-Jarrar-Morton framework [24]. More recently Chiarellaet-al have deviseda deterministic
pathintegral algorithm basedon FourierHermite seriesexpansionsand appliedit to the pricing
of Americanoptionsandpoint barrieroptions[25, 26]. They reportcomputationatimesthatare
a significantimprovementover the standarcbinomial andfinite differencemethods.In contrast
to thesedeterministicmethods Makivic [28] hasinitiated researchinto the pathintegral Monte
Carloevaluationof financialderiatives. He broadlyoutlinesa computationahpproactbasedon
the standardMetropolisalgorithm. Rosa-clotand Taddei[27] have discussedboth a deterministic
methodandthe Monte Carlo approactandappliedthemto severalexamples.Someof thesepre-
vious papergpoint out thatthe pathintegral methodis superiorto thethe traditionally usedlattice
methodspbecausehe underlyingassefpriceis left continuousratherthanbeingdiscretized.This
hassereral importantadvantages.The option price is obtainedmore accuratelysinceall possi-
ble price pathsareincludedin the simulation.Option Greeksare obtainedmorereliably sincethe
methodavoidstheneedfor numericaldifferentiation.A furtheradvantageof pathintegralmethods
is thatthey canbe easilyandefficiently extendedo evaluatemulti-factorfinancialderivatives.

The applicationof pathintegral methodshereis fundamentallydifferentfrom all the previous
cited works. We usethe pathintegral representatiof the option price to shav thatrathergen-
erally, it is possibleto performanalytically a partial averaging over the underlyingrisk-neutral
diffusion process. This key resultwill greatly reducethe computationaburden placedon the
subsequeniumericalevaluation. The applicationof this methodis inspiredby a techniquefirst
developedfor computatiorproblemsin chemicalphysics[30, 31]. Conceptuallythe partialaver
agingcorrespondso averagingover the high frequeng fluctuationsof the risk-neutraldiffusion
process. For short-mediumterm optionsit leadsto a generalapproximationformula that only
requiresheevaluationof aonedimensionahumericalintegral. Longertermoptionscanbe evalu-
ateddeterministicallyor mostgenerallyby standardMonte Carlomethodsin this casethepartial
averagingmethodwill greatlyreducetherequireddimensionof the Monte Carlosimulation.

Theoutline of this paperis asfollows. In section2 we developaformal pathintegral represen-
tationfor the evaluationof rathergeneralpathdependenbptions. In section3 we shav how the
previous pathintegral canbe numericallyevaluatedafter performinganalyticallya partial averag-
ing over the underlyingrisk-neutraldiffusion process.In section4d someexamplesarepresented.
For clarity of presentatiorandcompletenesghe pathintegral methodsusedin this paperarede-
velopedfrom first principlesin thethreeappendices.



2 Path dependent option theory

In this sectionwe will presenta formal pathintegral framework generalenoughto price a wide
rangeof pathdependenbptions.We will assumehe standardgeometricBrownianmotion(GBM)
modelof the assefprice processMore generaldiffusion processepresenino specialdifficulties.
In this casetherisk-neutralprice processs givenby the Ito stochastidifferentialequation

dSt = (7' - Q)Stdt + O'Stth, (21)
wherer is theinterestrateandg is the continuouddividendyield. UsingIto’s lemmawe canshov
dz, = pdt + odWy, (2.2)

where 1
ry=InS;, p=r—q-— 502. (2.3)

Considera pathdependenbptionwith price Cr atexpiry u givenby
Cr(Sy,Z,u) = F(S,,T) = F(e"™, 1), (2.4)

whereF' is theoption payof functionwhich dependon somepathdependentandomvariableZ.
In this paperwe will assumehatZ canbewritten as

7= /tudsw(s)f(xs,s), (2.5)

which is a time integral over an arbitraryfunction of the risk-neutraldiffusion procesq2.2). For
continuoussamplingw(s) = 1, but for discretesampling(whichis morerealisticin practice)

w(s) = sz‘5(8 — 84), (2.6)

wherew; are the samplingweightsand s; are the samplingtimes. The above definition of 7
wasusedbeforeby Wilmott et-al [29] whosefocuswason partial differentialequationmethods.
It was shown to be generalenoughto include Asian, barrier andlookbackoptionswhich are 3
gualitatively differentpathdependentptions.We will presentexamplesin sectior4.

In arisk-neutralframework, the optionprice atinceptiontime ¢ is givenby

Cp(Ss,t) = e By, [F(e®™, T)], 2.7)

whereT = u — t andthe expectationis with respecto the transformedisk-neutralprice process
(2.2) conditionedon theinitial valuex;. The priceatinceptioncanthenbe expresseds

Cr(Sy,t) =T /OO dz, /°° dT P2, |z, F (™, T), (2.8)

where P(z,, Z|x,;) is the joint probability densityfunction (PDF) of x, andthe path dependent
randomvariableZ. In appendixA we show for a generaldiffusionprocesshow the joint PDF can
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beformally computedasa pathintegral. For the specialcaseof GBM, we shawv in appendixA that
thejoint PDF is givenby

pty  pxy T

P(zy,Z|xy) = %exp [ - = ] /_Oo dke ™ K (xy, 24, T), (2.9)

o? o? 202

wherey is the constandefinedin (2.3) and K, which we referto asthe propagatois definedby

K(xy,2;T) = /:u Dxsexp [—%‘2 /tu ds (xi + V(zs, s))] : (2.10)

In (2.10),the integrationmeasureDz, denotesa path integral which is definedpreciselyin ap-
pendixA. It describesaninfinite dimensionaintegral over all pathsconnectingz,, at the expiry
time andz; attheinitial time. We referto the function V' in (2.10)asthe potentialfunction. For
theGBM modelit hastheform

V(zs,8) = —2iko® w(s) f(zs, 5). (2.11)

We seethatin this casethepotentialis imaginarywith afunctionalform determinedy the pathde-
pendentandonmvariable(2.5). We shav in appendixA thatfor moregenerarisk-neutraldiffusion
processethe potentialfunctionis complex.

Thepropagatof2.10),upto aboundaryterm,is the characteristiéunctionof thejoint PDF. In
physics,the pathintegral (2.10)is equialentto the pathintegral representatioffior the equilibri-
um quantumstatisticaldensitymatrix of a particlein a complex potentialV' (x) [5]. In this case
temperatureeplacegherole of time in (2.10). Underanimaginarytime transformation(2.10)
becomesquialentto thatwhich givesthe quantummechanicapropagatoof a onedimensional
quantumparticlein a complex potential vV (z). Theseidentificationswith standardproblemsin
theoreticalphysicsare of greatvalue becauseve canthenusethe methodsandresultsof theo-
retical physicsfor performingthesepathintegrals. Tablesof known exact pathintegrals of the
form (2.10),for variouspotentialfunctions,arelisted by Groschg6]. Suchtablesalongwith the
formulationprovidedhereprovide aneasyway to obtainexactsolutionsto pathdependenoption
prices.

2.1 Seasoned path dependent options

In this paperwe considerthe optionatits inceptiontime. More generally the optionprice attime
t' (t < t' < u) for aseasone@athdependenbptionis givenby

Cr(Sy, I} ,t') = e E,  [F(e™, I} +I})), (2.12)
wherewe usethe moredetailednotation

I = /tu dsw(s)f(zs, s). (2.13)



We thenfind
Cr(Sy,I¢ 1) = e"t) / ~ dz, / ” AT P(zy, T2 |zy ) F (™, IV +TY). (2.14)

We seethatthis caseonly affectsthe payof functionin a simpleway andthe joint PDF we need
to find is the sameproblemasbefore. Thereforeall the final resultscanbe trivially extendedto
seasonedptions.

3 Partial Averaging

In the previous sectionwe shovedthat for the GBM model,equationg2.5) and(2.9-11)definea
formal pathintegral representatioffor the joint PDF. The option priceis thenobtainedfrom this
joint PDF via (2.8). In this sectionwe usethe previous pathintegral formulationto show thatit is
possibleto performanalyticallya partial averaging[30] over the underlyingrisk-neutraldiffusion
processTheoptionprice canthenbe moreefficiently evaluatedoy numericalmethods.

First we mustdiscretizein time (2.2), by definingthe discretetime s,, = ne + t, wheren =
0,1,..., N ande = T/N with T = u — t. Thepropagatof2.10)canthenbedecomposeds

K(zy,2;T) / dry_q...dx; HK Ty Tp1; ) (3.1)

n=1

wherexz y = z,, o = x; andageneraform for theshort-timepropagators, asshovnin appendix
C,

2wole 202%¢

wherey will bedefinedbelow. Substituting(3.2) into (3.1) we find thatthe propagatobecomes

K(zp,xp—1;€) = ( 1 >1/2 exp [—w — fy(xn,xn_l;s)] , (3.2)

K (2,7, T) = [ day-id [ i L )]
Lu, Tty L) = ( ) z T1€xp - Y(Tn, Tn—1;€)| -
2mwo?e Nt - 202 = !
(3.3)
As e — 0, its possibleto show that
7(377” Tn-1; 5) =¢£ (V(xn’ Sn) + V(xnil’ Snil)) (34)

402

yieldsthe correctshort-timepropagatorvhensubstitutednto (3.2).

We will referto equation(3.2), with (3.4), asthe primitive short-timepropagatar It is the
standardshort-timepropagatousedin the numericalevaluationof pathintegrals. A key feature
of this propagatoris that it is not correctto first orderin ¢. It is in factonly valid ase — 0.
Clearly, thedimensionof theintegralin (3.1) could be mademuchsmallerby searchingor short-
time propagatorsaccurateover larger time-steps. This obsenation hasmotivatedthe searchfor



improved short-timepropagatorgor usein pathintegral calculationsfor physicsapplicationg?7,
13,31]. In appendixC, we shaw thatits possiblein generako write

o m
’Y(-Tnaxnfl;g) = _T;l% (_%‘2> Cm(xnwfnfl;g)v (35)
whereC,, describesa cumulantstructurewith eachcumulantof order (o)™ !. The key result
is, we canobtaina short-timepropagatoiformally correctto secondorderin e, by truncatingall
cumulantsbeyond the first. This truncationcorrespondso retainingan averagingover only the
high frequeng fluctuationsof the risk-neutraldiffusion process;i.e. a partial averaging. The
improvedshort-timepropagatowill leadto amuchmoreefficientnumericalevaluationcompared
to thatobtainedby usingthe primitive short-timepropagatarin appendixC, we calculatethefirst
2 cumulantsexactly for agenerapotentialandderive anexpansiorof the propagatoto third order
in T (aresultonly valid for smoothpotentials).
Usingtheresultsfrom appendixC, with the GBM potential(2.11),we find that

2k2

Y(Tp, Tn—1;€) = —teka(xy, Tp_1;€) + ETﬂ(xn, T,_1;€) + o(o*e?), (3.6)

where

1 o8]
ot umrie) = [ drw(r) [ dpe P(p)f (& + i), 3.7)
1
P(p:) = exp(—p?/2v2) (3.8)
2m?
and

vV=0(1-7)7, T =7(Tn —Tp 1) +Tn 1, T=(5— 5, 1)/c (3.9)

Equation(3.7) is a key equationasit containsthe partial averaging. The origin of « is the first
cumulantin the expansion(3.5) andits evaluationwill leadto a short-timepropagatoicorrectto
seconcbrderin . Expandingx to ordere is consistentvith thetruncationof the highercumulants
in (3.5). Theorigin of 3 is the secondcumulantwhich is formally calculatedn appendixC. All
we needto know hereis that 3 is of ordero?e, sinceit will besetto zeroatthe end. We keepit to
determingheorderof thefirst correctiontermdueto thetruncationof all highercumulants After
combining(3.6),(3.3)and(2.9) and performingthe integrationover k, we find thatthe joint PDF
becomes

P(zy,Z|x;) =~ [ dry_i...dzy Plzy, .., z1|20]

2
(I — YN a(zn, Tpoi; 5)) N —1/2
- = 9re? Tt 3.10
X exp 2SN Blannie) ( TE nglﬂ(a: Tp1 8)) ( )
wherexy = z,, r; = ©o andthediscretepathPDF is givenby
1 \= N (2, — Ty — pe)?
Plzy,...,x1|z0] = (2%0%) exp l—ngl 52c : (3.12)
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Equation(3.11)describesghe probability densityof realizinga particulardiscretepathof therisk-
neutralstochastigrocesg2.2). In thelimit that 8 tendsto zero,thejoint PDF (3.10) becomesa
deltafunctionin Z andwe canshaw, using(2.8),thatthe optionpricebecomes

o N
Crp(St,t) ~ e_’"T/ dzy..dr Py, ..., T1|20) F(e”’,s > a(mn,xn_l;s)) + o(e?0?T).

n=1
(3.12)
Theorderof thecorrectiontermfollows from (3.10)anda saddlepoint expansionof the Gaussian
integraloverZ in (2.8).

Equation(3.12)is themajorresultof this paper The multi-dimensionalntegral canbeevaluat-
edby deterministiomethodsor moregenerallyby standardvionte Carlomethods.In this casewe
usetheobsenationthat(3.12)is equivalentto anexpectationof the optionpayof function F', with
respecto the discretelysampledisk-neutraldiffusion processdefinedby (3.11),or equialently
by (2.2). In (3.12),the discretizatiortime-scale: is independenbf any discreteoption sampling
time-scale.If we chooses to matchthe interval betweendiscreteoption sampling,we find that
(3.7)will reduceto a primitive short-timepropagatoand(3.12)will become

o0 N
Cr(S;,t) = e_rT/ dey..dz1 Pz, ..., 21|20 F (e“’, > wnf(:rn)> . (3.13)

n=0

This is equivalentto a direct discretizationof (2.7), consistentwith a discretelysampledpath
dependentandomvariabledescribedy (2.5)and(2.6). In thiscaseno analyticalpartialaveraging
hasbeenperformedandthe Monte Carlo evaluationof (3.13)is completelystandard.The great
adwantageof thepartialaveragingmethods thatin (3.12),thediscretdimeinterval e canbechosen
to bemuchlargerthanthe optionsamplingtime-scale.The partialaveragingis performedn (3.7)
wherewe mustaverageover Gaussiarfluctuationsaboutthe straightline pathz, connectingz,,
andz,_,. This correspondso averagingover the high frequeng fluctuationsof the risk-neutral
diffusion process.In practice,aswill be seenin the next section,the partial averagingintegral
is easily performedanalytically It is simply the Gaussiantransformof the function f, which
definesthe pathdependentandomvariablein questionvia (2.5). Of mostpracticalinterestwill
be discretelysampledpath dependenbptions, wherew(s) is given by (2.6). In this casethe
subsequenintegralover 7 in (3.7) reducego a discretesumwhich presentsio problems.

For the specialcaseN = 1, for whiche = T, ; = z, andzy = z;, we find that (3.12)
becomes

—rT 00 _ —uT 2
Cr(Si,t) ~ \/ﬁ /_OO dz, exp l— (@ ;:QTM ) ] F(ea’“,Ta(l“u,l"t;T)) +o0(0T?).

(3.14)
This describegather generallyan approximatepath dependenbption price. It canbe simply
evaluatedasaonedimensionahumericalintegral. As ameasuref theaccurag of (3.14),we ask
atwhattime to maturity 7', doesthe errortermin (3.14)becomel % of thetrue optionprice. We
assumetypical market volatility of o = 0.25 andthatthe unknavn coeficient of the correction
termis equalto the true option price. We find thatT" ~ 0.5 givesa 1% error, while T ~ 0.25
givesanerrorof approximately0.1%. Theseestimatedegin to illustratethe power of the method
presentedhere.



4 Examples

Thepreviousformulationis rathergenerabndcanbeappliedto arangeof pathdependentptions.
In thissectionwewill shav how two importantandqualitatively differentclasse®f pathdependent
optionsfit into this framework.

4.1 Averagerateoptions

The payof of the geometricAsianoptionis somefunction of the pathdependentandomvariable
givenby
7= / dsw(s)zs , (4.1)
t

wherezx is relatedto therisk-neutralassefprice by (2.3). From (2.5) we canidentify f with x;.
After performingthe partialaveraging(3.7),we find

1
(T, Tn_1;€) = / dr w(7)Z,. (4.2)
0
For the continuoussampling(w(r) = 1) we find
(T, Tp—13€) = (T + Tp—1)/2. (4.3)

For this simpleexample« is justthe primitive short-timepropagatar
Thepayof of thearithmeticAsianoptionwill besomefunctionof the pathdependentandom
variable Y
I:/t dsw(s)e®. (4.4)

From(2.5)weidentify f with e*s. After performingthe partialaveraging(3.7) we find
1 2
(T, Ty 1;€) :/ dr w(r)e /2, (4.5)
0

We canexpand(4.5)to ordero?e withouta significantiossof accuray. Thisis consistentith the
orderof thetruncationof the cumulantexpansion(3.5). We thenfind

(T, Tp—1;€) /01 dr w(T)e’ (1 +o%e(l—7)1/2+ 0(0482)) : (4.6)

Thefinal resultwill dependon whetherwe usediscreteor continuoussampling. For continuous
samplingwe have w(7) = 1 and(4.6) becomes

Tn— 1 a 0-26 a 4_2
@, Tyo15€) 2 € ll;(e —1) + 55 (" (@=2) +a+2) +o(o' )], (4.7)

wherea = x,,—x, 1. Fordiscretesamplingwe canperformthenecessargummationgnalytically
sothe methodis equallyeffective. It is instructive to compare(4.7) with the o thatgenerateshe
primitive short-timepropagatarThis is obtainedby approximating3.7) by

T, Tn_1;€) = %(f(a:n) + f(a:n_l)). (4.8)
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Onecanseethat(4.7)will only reduceto (4.8)in thelimit a — 0 (whenf = e®).

We cannow use (3.12) to perform a Monte Carlo evaluation of the continuouslysampled
Asian option. Using (4.7) allows us to obtainaccurateresultsby simulatingonly relatvely low
dimensionalandompathsof (2.2). Thiswill avoid the problemsassociateavith the Monte Carlo
evaluationof theseoptions[33].

4.2 Occupation time derivatives

A large andimportantclassof pathdependenbptionsarethosewherethe payof dependsnthe
time the assetprice spendswithin a given region. This classof optionshave beenreferredto
asoccupationtime derivativesandthey have beendiscussedn detail by Linetsky [34, 35] and
Hugonnier[36]. Thevaluationof debtandcontingentclaimswith default risk canalsobe placed
in thisclass[37, 38].

As asimpleexample,consideran optionwith a payof thatdepend®n thetime spentbelon a
possiblytime dependenbarrier B,. Thistime is a pathdependentandomvariablewhich canbe
expresseas(andsimilarly for theabove case)

T-= /t" dsw(s)H(B, — ), (4.9)

whereH is asimplestepfunction. We canthereforeidentify H with thefunction f in (2.5). After
performingthe partialaveraging(3.7) we find

(T, Ty_1; € / dr w(r ln B, — i“T)/VT), (4.10)

where N is the cumulatve normal distribution function. This function is difficult to integrate
analytically However the real caseof practicalinterestis discretesampling. In this casethe
integrationreducesto a discretesummationand presentsano problems. Barrier optionsare the
most basicand well known exampleof optionsthat fall underthis framevork. An interesting
generalizationis the step option which hasa finite knock-outrate. This is motivatedby risk-
managemenargumentsanda variety of possiblepayof functionshave beendiscussed34, 35].
All variationsareincludedin this framavork sincethe payof functionis anarbitraryfunction of
the pathdependentandomvariable.

Considerthe exampleof derivativesdependingon the occupationtime betweentwo barriers
B, andB,.! Includedin this classaredoublebarrieroptions[39] andthe rangeproductssuchas
rangenotesandcorridor options[40, 41]. This time is a pathdependentandomvariablewhich
canbeexpresseds

7= /t“ dsw(s)[H(By — &%) — H(By — ¢™). (4.11)

From(2.5)we canidentify thefunction f with thedifferenceof two stepfunctions.After perform-
ing the partialaveraging(3.7) we find

(T, T_1; € / dr w(r lnB2 — :ET)/VT) — N((ln B, — EJT)/VT)]. (4.12)

'the occupatiortime outsidethesebarrierscanbetrivially constructedrom thistime

10



Ourframework is easilygeneralizedo includederivativesdependenbn seseraloccupatiortimes.

5 Discussion and Conclusion

The aim of this paperwasto presenta newv approachto evaluatingthe price of pathdependent
options. We consideredptionswith the generalpayof function (2.4), contingenton a pathde-
pendentrandomvariable expressiblein the form (2.5). The key resultsof this paperwere the
generakvaluationformula(3.12)andthe shorttime to expiry approximation(3.14). They givethe
option price after performinganalytically a partial averaging,definedby equationg3.7-9), over
the underlyingrisk-neutraldiffusion procesg2.2). Sincethe methodis analyticallybasedjt also
givesthe orderof the errormadeby choosinga finite time discretization.Specificexampleswvere
presentedn sectior4.

In (3.12), the partial averagingallows oneto choosethe discretetime intenal  to be much
largerthanthe option samplingtime-scale.We could, for example,imaginechoosing: to beone
monthfor anoptionwith daily sampling.Clearly, the partialaveragingmethodcangreatlyreduce
the dimensionof theintegralin (3.12). This integral canbe evaluatedmostgenerallyby standard
Monte Carlo methods.In this casethe partial averagingwill greatlyreducethe dimensionof the
randompathsto be simulated.In effect, it allows randomsimulationsto be replacedwith deter
ministic calculations.Standardnethodsto increasehe efficiengy of the Monte Carlo evaluation
canstill beused.Theseincludevariancereductiontechniqueg4], the simulationof samplepaths
using the Brownian bridge procesg42] or the useof quasiMonte Carlo sampling[4, 43]. In-
terestingly quasiMonte Carlo samplingis known to be more advantageougor low dimensional
numericalintegrals. The partial averagingmethodcanthereforeincreasethe relatve gainsmade
by theimplementatiorof quasiMonte Carlomethods.

The framework presentecherecanbe easily extendedto multi-factorpathdependenbptions
[18, 22] andto path dependenbptionsdependentn several path dependentandomvariables.
Pathintegralmethodshave long beendevelopedandusedasacomputationatool in theoreticabnd
chemicalphysics.Hopefullythework presentedherewill stimulatemoreinterestin theapplication
of thesemethodgo problemsin computationafinance.

A Path Integral Representation
Considera stochastiprocess:,, which obeys the stochastidifferentialequatior?

dzy = —g'(x;)dt + odW,. (A.1)
In our notationz; = z(s). Wewill rewrite this equationas

&y = —g'(x1) + 0 (A.2)

2Notethatary one-dimensionalisk-neutraldiffusionprocessanbe castinto this form by a changeof variable
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where(; = % anda dot denoteghe derivative with respecto time. This notationis moresuited
for the pathintegral formulation. In (A.1) we assuméhato in independentf x; (additive noise).
Thepathintegral formulationof the moregeneralcase(multiplicative noise)canbefoundin [44].

ConsideragenerakontinuousGaussiamoiseprocessy(s) (notethatsmalls denoteghetime
historyvariablebetweertime ¢ andu andshouldnot be confusedwith the price S;). We discretize
this processby defininga discretetime s,, = ne + t, wheren = 0,1,..., N ande = T /N with
T = u — t. Notethate is equvalentto ds when N — oco. Thenow discreteGaussiarprocesss
fully definedby the normalizedprobability densityfunctional

. _ 1 X B
Plx1, ..., xn] = (27) 72 (det R) % exp [—5 > Xan}sz], (A.3)

n,m=1

wherex,, = x(sn), E[XnXm] = Rnm and R, denotegheinversematrix. Equation(A.3) fully
definegthe probability densityof thewhole history of the discreteGaussiarprocessThis normal-
izationconditionimplies

/ P [Xl, ...,XN] XmdXN =1. (A4)

SincedW, hasa variancedt, we know (; will have a variancedt—!. We thenfind that for the
discretetime white noiseprocess(,,, we have E[(,,(n] = € 6nm Whered,,, is the unit diagonal
matrix. Using (A.3) we thenfind

P e \"? L~ o2 A5
[Ciy ey O] = (§> exp —57;6(” ) (A.5)
In the continuoudimit this becomes
e \V/? Lo,
Plil= (o) exp|-5 [ ds 2], (A.6)

wherethe continuoudime expressiongrewritten with theunderstandinghate — 0 andN — oo
suchthatNe =T

We wish to usethe probability densityfunctional(A.6) to find a probability densityfunctional
for the stochastigrocesse,. To do this we needto first discretizein time (A.2). In discretetime

(A.2) becomes
Tp-Tp—1

c = _g,(jn) + Ugna (A7)

where
T = T + (1 — @) p_q (A.8)

and¢ is a discretizationparametebetween0 and1. From (A.7) we seethata path{(i, ..., (n}
mapsto a uniquepath{zy,...,zy} aslong asz, is given We will thereforewrite, by virtue of
(A.4)

/_Oo Plz1, ...,y |To] T dxy...dxy =1, (A.9)
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where 7, definedby
9Gn

0Tm

J = det , mn=1,..,N (A.10)

is the Jacobiarof the changen coordinatesIn the continuoudimit we cansubstitute(A.2) into
(A.6) to obtain

e\ V/2 1 u . , 2
Pz = (§> exp [_ﬁ/t ds (a:s +g (xs)) ] : (A.11)
We shaw in appendixB thatthe Jacobiar(A.10) becomesn the continuoudimit

T = (oe) M exp |0 [ ds g" ()| (A12)

The only sensiblechoiceis ¢ = 1/2 [44]. Combiningthe Jacobiarand(A.11) we obtaina nev
probability densityfunctional

Py lzs] = exp [—%‘2 /tu ds (:ics + g'(acs))2 - %/tu ds g"(a:s)] , (A.13)

whichis normalizedwith respecto the functionalmeasureD, which s the continuoudimit of

Dz, = (271’802) N7z dxq...dxn_1. (A.14)
This meangheconditionalprobabilitydensityfunction(PDF) of (A.2) is givenby the pathintegral
Py, ;) = / " D, Py, (A.15)

The expectationof a functional F|xz;], conditionalon theinitial valuez;, cannow be expressedn
the pathintegral form

E., [.7—"[:63]] = /_O:o dx, /:u Dxs Pplxs]) Flxs). (A.16)

Using(2.7), we cannow write the optionpricein the pathintegral form
Cr(S,t) = '™ /_ O:O dz, :" Dz, Py, F(e*, T). (A.17)
We will notdealdirectlywith theabove pathintegral representationf theoptionprice. From(2.8)
we seethat we canextractthe payof function out of the pathintegral if we insteadfocuson the

pathintegral representatioof thejoint PDF P(x,,Z|z;). In thenext subsectiorwe will seehow to
calculatethis function.
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A.1 Calculating thejoint PDF

Thejoint PDF introducedn (2.8) canbe simply expressedsthe pathintegral
P(a, T\7)) = / " Da, Pl ]8(T - 1), (A.18)
UsingtheFourierrepresentationf the deltafunctionand(2.5), we find that(A.18) becomes

1 %) . Ty, u
Pl Tl) = 5 [ ke [ i, Pyl exp [zk /1t dsw(s)f(3s, ). (A19)

Substituting(A.13) into (A.19) andusing

u

ds z gl(ms) = g(mu) - g(xt)a (A.20)

t

we find that(A.19) becomes

Plaw, i) = — exp [M] /_ Y dke K (2, 15 T), (A.21)

27 o?

where K, whichwe will referto asthe propagataris definedby

) B Ty 1 u .9
K(zy,z;;T) = /Zt Dzxsexp [_ﬁ/t ds [375 + V(xs,s)]] (A.22)
andwhatwe will call the potentialfunctionV’ is
V(zs,8) = g%(xs) — 0? ¢"(x,) — 2iko* w(s) f(zs, ). (A.23)

Of specialinterestis the geometricBrownian motion model definedby (2.2). Comparing(2.2)
with (A.1), we canidentify ¢'(z;) with x andwe find thejoint PDF (A.21) becomeg2.9) with the
potential(2.11). Becausehedrift termis constanin this case,t canbe extractedout of the path
integralandwe areleft with animaginarypotential.

B Calculating the Jacobian

In this appendixwe will calculatethe Jacobian(A.10). In discretetime the stochastidifferential
equation(sbe) (A.2) becomes

Tp—Tn—1

P —9'(Z4) + 0(Zn)Gn, (B.1)

whereit hasbeengeneralizedo include a non-constandiffusion coeficient. Fromthis discrete
SDE we seethat
Cn

0%,

=0, for m > n. (B.2)
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Thereforethe Jacobiarmatrix is triangularandfrom (A.10) we obtain

~ 9,
J = 15, (B.3)
From(B.1) wefind
10z, ns - O o 0Ty -

wherewe have used iy 0% 9 5
Tn B Tp 0Ty, _ Ty,
8, ~ 02, 96, 9%, (®9)

obtainedfrom (A.8). Multiplying (B.4) by 52% we obtain

aCn — 1 +¢€ ¢g”(§:n) — & QSCnal(jn) )

0z, eo () (8-6)
For smalle (B.6) becomes
gzﬁ" ~ co(@) (1 - £ 99" (Fn) + & 6 a0 (3))
~ £0(%,)exp [5 ¢(o'(:%n)§n — g"(:in))]. (B.7)
Usingthis resultwe find
N 8£C N N
I 52 == (Lot ) exp |50 3 (@060~ (2)|. B8)
n=1 n n=1 n=1
In thecontinuoudimit £ — 0, we thereforefind
N u
g =& (Mot ) esp o [ as (¢'0c, - (0)]. 5.9)

FromthecontinuoussbE (A.2) we have

G = (& + 9'(x)) /o (). (B.10)
Substitutingthisinto (B.9) we find

-1

J=eV (i[la(:zn)> exp [—¢ /t " ds (@@ + g'(2:))0"(z,) /0 (s) — ¢"(2))| . (B.11)

Thisagreewith equatior2.4.37in Straton@ich [10] who dervesthe Jacobiarfor ageneramulti-
factorsystemof SDE’s. For a constantiffusioncoeficient (B.11) reduceso (A.12).
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C Improved Short-time Propagator

Thegoalof this appendixs to obtainanexpansionof K (z.,,, z:; T) in powersof 7. Thederivation
hereis inspiredby the cumulantmethodusedin connectionwith the quantumstatisticaldensity
matrix [31].

We mustfirst write the propagatoiin the Fourier pathintegral representatiofrpPiR). We de-
composehe pathsas

4 2T 1/2 »o .
mT:jT+< g ) ZM (C.1)
T 1 n
where
T =TTy — ) + 2, T=(s—1)/T. (C.2)

Thetermz, in (C.1)is the straightline pathconnectingz, andzx,. The remainingtermsarethe
harmonicperturbationgboutthe straightline path. With this we cannow write

1
202

/ ds [a: + V(zs, )]z%-ﬂriz —i——/ drV(z,,7). (C.3)

Summingover all pathsbetweent; andz, is equialentto integratingover all possiblevaluesof
the Fouriercoeficients{z,}. This meansve canwrite

/ "Dz, = (constant) x / dzy...d% , (C.4)
It —00

wherethe constantis someJacobianfactor resultingfrom the changeof integration variables.
Substituting(C.4) and(C.3)into (2.10),we obtainthe FPIR of the propagator

K(xy,v;T) = Kp(xy, ;T / dz.. dzooexp[ WZZ ——/ dr V(x,, T )] (C.5)

n=1

whereK ;(z,, z; T) is givenby

1 1/2 Ty — 24)2
Ky(eo2iT) = (5507) - o (‘(2077” (C6)

The constantlacobiarfactorin (C.4) mustequalthe prefactorof (C.6) to obtainthe correctprop-
agatorwhenV = 0 (clearlythe Jacobians independenof the potential). We canrewrite (C.5)
as

K(zy,zi;T) = Ky(xy,zi;T) E [exp ( — / dr V (., T ))] , (C.7)

20 {zn}

wherethe expectationis with respectto the setof independenGaussiarrandomvariables{z, }
with zeromeanandvariancel /27. The FPIR canalsobe setup usingareferencepotentialthatis
quadratid32].
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We canusethe FPIR (C.7) to derive an expansionin time for the shorttime propagatar We
have usingthe cumulantexpansion

Ko i) = KylowasT) esp (3 4 (<0) Cnlwat)) . (€9
where
Clel, C’QZMQ_MIQ, 03:M3—3M1M2+2Mf, (Cg)
and X -
M, =E [(/ dTV(J?T,T)) 1 . (C.10)
0
{zn}

Thepropagato(C.8) hasthe generaktructuredefinedby (3.2) and(3.5). Considetthefirst cumu-
lantwhichis

Ci(zy, z;T) = /01 dr E[V(zr,7)],,, - (C.11)

We know from (C.1)thatx, is asumof Gaussiamandomvariableswhich itself mustbe Gaussian
distributed. Sowhencalculatingthe expectation(C.11),we canreplacer, by

Ty = Tr + Pr, (C.12)

wherep, is asingleGaussiamandomvariablewith variance

s 20°T & sin’(nrr)
V= ngl 3 =0 T(1—71)T. (C.13)
Usingthisresultwe find that
BV (er ey = [ dor PV +pe7) (C14)
where 1
P(p;) = —— exp(—p}/202). (C.15)
22
Thefirst cumulantthenbecomes
1 o]
Ci(was 2 T) = [ dr [ dpr Por)V (7 +pr.7). (C.16)
0 —00

Expandingthe potentialaroundp, = 0 andperformingthe Gaussianntegralswe obtain

2 4

E [V(x’T’T)]{Zn} ~ V(Z;,7) + %V"(i}, )+ %V”I,(fﬂT) +0(T?), (C.17)

whichfrom (C.13)is anexpansionin time7'.
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Considemow the seconccumulant

Oy, 20 T) = /0 " drdr (E V@, 1)V (@, 7))y = EV (@7, 0,y EIV (@0, 7)] W) .

(C.18)
In (C.18)we canreplacer, andz,. with
Ty =Tr +Pry Tyt =Ty + Pp (Clg)
wherep, andp,, aretwo correlatedGaussiamandomvariableswith variances
v2=0T(1 - 1)1, V& =0°T(1-1)7. (C.20)
Using(C.1)we find the covarianceis
40°T & sin(nw7) sin(n'nr’
c(r,7) = Elp,p] = Z Eznzn] 20} ( Zm’ ( ) (C.21)
n,n'=1
Using
1
E ' = —Opn 22
andtheidentity
2 & sin(nnt)sin(nmt’
2 Zl ( )nQ ) _ Ti(1 = 79), (C.23)
we find
o(r, 7)) =*Tn(l —1,) (C.29)

wherer; is thelesserof 7 andr’ andr, is the greaterof = andr’. Using (A.3), we canwrite the
probability distribution of p, andp,. as

Plprpy) = 1 1 exp _ (V2p2 —2cppp +VED2)
e 2 fu212, — 2 2(w2v2 — ?)
T

We thereforefind that

E [V(‘/ET7 T)V(a:T’) T,)]{zn} = / dp'rde’P(pTapT’)V(jT =+ Dr, T)V(‘TT' + D75 T,)- (C26)

(C.25)

Substitutingthis resultand(C.14)into (C.18),we find thatthe seconccumulantis
Co(zy, 25 T) = /01 drdr’ (/_o; dp,dpr P(pr, pr )V (Zr + pr, T)V (Z7 + prry T')
— [ dpeidpe PGPV @r 4DV (@ 400, 7)) . (€C27)
Expandingthe seconccumulantaroundp = 0 we find thatthefirst orderremainingtermis

1
Oy (g, 2, T) ~ 02T / drdr' V' (z,, )V (&, 7') 1i(1 — 7,) + 0(0*T?). (C.28)
0
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Thisfollows sincetheintegralwe have to dois justthe covariancer.

It canbe shavn thatthemth cumulantis of order(o*7)™~1. Thereforefrom (C.8) we seethat
C, startscontributing atorder7®, while C; startscontrikuting at order7®. This meanghatto get
the expansion(C.8) correctto orderT™, we needonly expandC; to order7? andC, to orderT as
hasbeendonein (C.17)and(C.28). This meanghatC; alonewill give the correctpropagatoto
orderT?. Substituting(C.28)and(C.17)into (C.8)we find

T 1 T? 1
K(zy,zi;T) ~ Kp(xy,z;T)exp [_Tﬂ/o dr V(Zr,7) — Z/o drr(1—71)V"(z,,7)

2T3 1
- 016 /0 dr (1 — 7)>V"" (%, 7)
T3 ! Py 1~ ! 4
+ @/0 drdr' V'(z,, )V (z, ") (1 — 15) + 0o(T7) |, (C.29)

whichis our desiredexpansionof the propagatoto third orderin time.
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