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Abstract

In this paperI develop a new computationalmethodfor pricing pathdependentoptions.
Usingthepathintegral representationof theoptionprice,I show thatin generalit is possibleto
performanalyticallyapartialaveragingovertheunderlyingrisk-neutraldiffusionprocess.This
resultgreatlyeasesthecomputationalburdenplacedon thesubsequentnumericalevaluation.
For short-mediumtermoptionsit leadsto a generalapproximationformulathatonly requires
theevaluationof aonedimensionalintegral. I illustratetheapplicationof themethodto Asian
optionsandoccupationtimederivatives.
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1 Introduction

Financialderivatives(eg. optionsandfutures)derive their valuefrom anunderlyingtradedfinan-
cial security, whoseprice is modeledby somestochasticprocess.In their mostgeneralform, the
optionpayoff is pathdependentsinceit dependsontheentirefuturepathtraversedby theunderly-
ing security. Pathdependentoptionsaredefinedusingeitherdiscreteor continuouspricesampling.
For continuoussamplingclosedfrom solutionsareoftenavailable,but in practicemosttradedpath
dependentoptionsarediscretelysampled.It is known thattheapplicationof theseclosedform so-
lutionsleadsto substantialpricing errorsfor discretelysampledoptions[1, 2, 3]. This featurehas
necessitatedthedevelopmentof practicalandefficient computationalmethodsfor theevaluation
of pathdependentoptions[4]. Most researchhasfocussedon eitherpartialdifferentialequation,
MonteCarloor treebasedmethods.In contrastto theseapproaches,in thispaperI will developan
alternativebasedon thepathintegral formulationof thepricingproblem.

For many years,theoreticalphysicistshave beendevelopingand applying the path integral
methodfor calculatingexpectationssimilar to thosenow beingencounteredin the evaluationof
financialderivatives(via therisk-neutralvaluationformula). A pathintegral is an infinite dimen-
sionalRiemannianintegral astheintegral is performedover a setof functionsor paths.Thepath
integral methodis uniquein that it givesa global formulationof the problemin question. This
global descriptionprovidesa powerful tool for deriving analyticalapproximationandnumerical
solutionschemesthat aredifficult or impossibleto formulatein otherways. Formally, the path
integral methodis easilyextendedto multi-dimensionalproblems.Much of thedriving forcebe-
hind the developmentof pathintegral numericalmethodsin physicshasbeenthat, comparedto
othermethods,they show only a slow increasein computationalcomplexity asthedimensionality
of theproblemincreases.Path integral methodswerefirst introducedby Feynmanin 1942asan
alternative formulationof quantumphysics[5, 6]. They have foundwide applicationin theevalu-
ationof boththerealtimedynamicsandequilibriumstatisticalmechanicsof quantummany-body
systems[7, 8, 9]. They arealsoa popularandnaturaltool for theanalysisof diffusionprocesses
[10, 11, 12], includingnon-Markoviansystemswherethereis a lackof practicalalternatives[14].

Theapplicationof pathintegral methodsto financialderivativeswaspioneeredby Dashwho
developedapathintegral framework for pricingbondsandoptionswithin onefactortermstructure
models[15,16,17]. Morerecently, Linetsky [18] wasthefirst to show how pathdependentoptions
couldbeformally pricedin apathintegral framework. Heconsideredseveralexamplesof oneand
two factorpathdependentoptions. Baaquie[19] hasshown how path integral methodscanbe
usedto pricevanillaoptionswith stochasticvolatility. Thesameauthorhasalsorecastthepopular
Heath-Jarrow-Mortonmodelof forwardinterestratesasaproblemin pathintegration[20]. Similar
to Dash,Ottohasmorerecentlyshown how to usepathintegrationto pricebondsandbondoptions
undergeneralshortratemodels[21]. Bennatiet-al [22] havefocussedonamulti-dimensionalpath
integralformalismfor solvinggeneralfinancialproblemsbasedonsystemsof stochasticequations.
All theseprecedingauthorsfocussedongeneralformalismandexactlysolvablemodels.They have
shown thatpathintegralsconstitutea naturalframework for describingtheevaluationof general
multi-factorderivatives.Althoughpathintegralmethodsoffer anattractivewayof obtainingexact
solutions,they cannotfind exactsolutionsnotavailableusingmorestandardmethods.Thegreatest
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promiseof pathintegralmethodswill bein thedevelopmentof new numericalandapproximation
methodsfor addressingpricingproblemswhereexactsolutionsareimpossible.

Pathintegral numericalmethodsinvolve theevaluationof a multi-dimensionalintegral, either
by deterministicor Monte Carlo methods.A review of deterministicandMonte Carlo method-
s, developedfor physicsapplications,canbe found in Drozdov [11] andMakri [7] respectively.
An independentandmuchmorerecentdevelopmenthasbeentheapplicationof pathintegral nu-
mericalmethodsto financialderivatives. This waspioneeredby Eydeland[23] who, using fast
Fourier transformmethods,hasderiveda deterministicpathintegral algorithmfor calculatingthe
generatingfunction of a randomvariabledefinedasthe time integral of a generaldiffusion pro-
cess.He pointedto a numberof potentialfinancialapplicationsof this algorithm. Chiarellaand
El-Hassanhave appliedthe methodof Eydelandto the pricing of Americanbondoptionsin the
Heath-Jarrow-Morton framework [24]. More recently, Chiarellaet-alhavedevisedadeterministic
pathintegral algorithmbasedon Fourier-Hermiteseriesexpansionsandappliedit to the pricing
of Americanoptionsandpoint barrieroptions[25, 26]. They reportcomputationaltimesthatare
a significantimprovementover the standardbinomial andfinite differencemethods.In contrast
to thesedeterministicmethods,Makivic [28] hasinitiated researchinto the path integral Monte
Carloevaluationof financialderivatives.He broadlyoutlinesa computationalapproachbasedon
thestandardMetropolisalgorithm.Rosa-clotandTaddei[27] have discussedbotha deterministic
methodandtheMonteCarloapproachandappliedthemto severalexamples.Someof thesepre-
viouspaperspoint out thatthepathintegral methodis superiorto thethetraditionallyusedlattice
methods,becausetheunderlyingassetprice is left continuousratherthanbeingdiscretized.This
hasseveral importantadvantages.The option price is obtainedmoreaccuratelysinceall possi-
ble pricepathsareincludedin thesimulation.OptionGreeksareobtainedmorereliably sincethe
methodavoidstheneedfor numericaldifferentiation.A furtheradvantageof pathintegralmethods
is thatthey canbeeasilyandefficiently extendedto evaluatemulti-factorfinancialderivatives.

Theapplicationof pathintegral methodshereis fundamentallydifferentfrom all theprevious
cited works. We usethepathintegral representationof the optionprice to show that rathergen-
erally, it is possibleto performanalyticallya partial averaging over the underlyingrisk-neutral
diffusion process. This key result will greatly reducethe computationalburdenplacedon the
subsequentnumericalevaluation. The applicationof this methodis inspiredby a techniquefirst
developedfor computationproblemsin chemicalphysics[30, 31]. Conceptually, thepartialaver-
agingcorrespondsto averagingover the high frequency fluctuationsof the risk-neutraldiffusion
process.For short-mediumterm optionsit leadsto a generalapproximationformula that only
requirestheevaluationof aonedimensionalnumericalintegral. Longertermoptionscanbeevalu-
ateddeterministicallyor mostgenerallyby standardMonteCarlomethods.In thiscase,thepartial
averagingmethodwill greatlyreducetherequireddimensionof theMonteCarlosimulation.

Theoutlineof thispaperis asfollows. In section2 wedevelopa formalpathintegral represen-
tation for theevaluationof rathergeneralpathdependentoptions. In section3 we show how the
previouspathintegral canbenumericallyevaluatedafterperforminganalyticallya partialaverag-
ing over theunderlyingrisk-neutraldiffusionprocess.In section4 someexamplesarepresented.
For clarity of presentationandcompleteness,thepathintegral methodsusedin this paperarede-
velopedfrom first principlesin thethreeappendices.
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2 Path dependent option theory

In this sectionwe will presenta formal pathintegral framework generalenoughto price a wide
rangeof pathdependentoptions.Wewill assumethestandardgeometricBrownianmotion(GBM)
modelof theassetpriceprocess.More generaldiffusionprocessespresentno specialdifficulties.
In this casetherisk-neutralpriceprocessis givenby theIto stochasticdifferentialequation���	��

�����������	�����������	����� �"!

(2.1)

where
�

is theinterestrateand
�

is thecontinuousdividendyield. UsingIto’s lemmawecanshow��#$�%
'&%���%�(�%���)�"!
(2.2)

where #$�%
'*,+-�	�.!/&0
1�2���2�435 ��687 (2.3)

Considerapathdependentoptionwith price 9;: at expiry < givenby9;: �=�	>?!=@-! < �A
CBD�=�	>?!E@;�F
'BG��HJILKM!=@N�O! (2.4)

where
B

is theoptionpayoff functionwhichdependson somepathdependentrandomvariable
@

.
In this paperwewill assumethat

@
canbewrittenas@�
QP >� ��R�ST�=RU�WVX��#ZY[!LRU�O! (2.5)

which is a time integral over anarbitraryfunctionof the risk-neutraldiffusionprocess(2.2). For
continuoussampling

ST�=RU�A
 3 , but for discretesampling(which is morerealisticin practice)S\�=RU�A
Q]U^_S ^a` �=Rb��R ^ �O!
(2.6)

where
S ^

are the samplingweightsand
R ^

are the samplingtimes. The above definition of
@

wasusedbeforeby Wilmott et-al [29] whosefocuswason partialdifferentialequationmethods.
It wasshown to be generalenoughto includeAsian, barrierand lookbackoptionswhich are3
qualitatively differentpathdependentoptions.We will presentexamplesin section4.

In a risk-neutralframework, theoptionpriceat inceptiontime
�

is givenby9;: �=�	�.!W�W�A
CHdc?e=f	g ILhji BG��HJI K !=@N�.kE! (2.7)

where l 
 < �(� andtheexpectationis with respectto thetransformedrisk-neutralpriceprocess
(2.2)conditionedon theinitial value

#$�
. Thepriceat inceptioncanthenbeexpressedas9;: �=�	�.!W�W�A
CHdc?e=f PDmc m ��#$> PDmc m ��@onD��#$>�!=@qp #$�E�WBD�EHJILKM!E@;�L! (2.8)

where
nD��#$>?!=@qp #$�E�

is the joint probability densityfunction (PDF) of
#$>

and the path dependent
randomvariable

@
. In appendixA we show for a generaldiffusionprocesshow thejoint PDF can
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beformally computedasapathintegral. For thespecialcaseof GBM, weshow in appendixA that
thejoint PDF is givenbynD��#$>?!E@rp #$�E�A
 35tsvuLwyx{z &	#$>� 6 � &|#$�� 6 � & 6 l5 � 6	} P mc m ��~yHdc

^��"��� ��#$>�!�#$�.� l �L! (2.9)

where
&

is theconstantdefinedin (2.3)and

�
, whichwereferto asthepropagatoris definedby� �a#$>�!�#$�.� l �A
 P ILKILh�� #ZY uOw�x{� � 35 � 6 P >� ��R����# 6Y ���G��#ZYL!LRU���d��7 (2.10)

In (2.10), the integrationmeasure� #ZY denotesa path integral which is definedpreciselyin ap-
pendixA. It describesan infinite dimensionalintegral over all pathsconnecting

#$>
at the expiry

time and
#$�

at the initial time. We refer to the function
�

in (2.10)asthepotentialfunction. For
theGBM modelit hastheform �G�a#ZYO![Rt�F
�� 5d� ~���6ZST�ERt�$V���#ZY[!LRU�O7

(2.11)

Weseethatin thiscasethepotentialis imaginarywith afunctionalform determinedby thepathde-
pendentrandomvariable(2.5).Weshow in appendixA thatfor moregeneralrisk-neutraldiffusion
processesthepotentialfunctionis complex.

Thepropagator(2.10),up to aboundaryterm,is thecharacteristicfunctionof thejoint PDF. In
physics,thepathintegral (2.10) is equivalentto thepathintegral representationfor theequilibri-
um quantumstatisticaldensitymatrix of a particlein a complex potential

���a#	�
[5]. In this case

temperaturereplacesthe role of time in (2.10). Underan imaginarytime transformation,(2.10)
becomesequivalentto thatwhich givesthequantummechanicalpropagatorof a onedimensional
quantumparticle in a complex potential

����#	�
. Theseidentificationswith standardproblemsin

theoreticalphysicsareof greatvaluebecausewe canthenusethe methodsandresultsof theo-
retical physicsfor performingthesepath integrals. Tablesof known exact path integralsof the
form (2.10),for variouspotentialfunctions,arelistedby Grosche[6]. Suchtablesalongwith the
formulationprovidedhereprovide aneasyway to obtainexactsolutionsto pathdependentoption
prices.

2.1 Seasoned path dependent options

In this paperwe considertheoptionat its inceptiontime. More generally, theoptionpriceat time�"�
(
�����"�Z� < ) for a seasonedpathdependentoptionis givenby9;: �E�	���=!=@ � �� !�� � �F
1H c?eW� > c � ��� g I h � i BD�EH ILK !E@ � �� �{@ >��� �.kE! (2.12)

whereweusethemoredetailednotation@ >� 
1P >� ��R�ST�ERU��VX�a#ZYj!LRU�O7 (2.13)
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Wethenfind9;: �E�	���=!=@ � �� !�� � �F
'Hdc?e�� > c � ��� P mc m ��#$>XP mc m ��@ >��� nG�a#$>?!=@ >��� p #$�����WBD�EHJI K !=@ � �� �)@ >��� �L7 (2.14)

We seethat this caseonly affectsthepayoff function in a simpleway andthe joint PDF we need
to find is the sameproblemasbefore. Thereforeall the final resultscanbe trivially extendedto
seasonedoptions.

3 Partial Averaging

In theprevioussectionwe showedthat for the GBM model,equations(2.5) and(2.9-11)definea
formal pathintegral representationfor the joint PDF. Theoptionprice is thenobtainedfrom this
joint PDF via (2.8). In this sectionwe usethepreviouspathintegral formulationto show that it is
possibleto performanalyticallya partialaveraging[30] over theunderlyingrisk-neutraldiffusion
process.Theoptionpricecanthenbemoreefficiently evaluatedby numericalmethods.

First we mustdiscretizein time (2.2), by definingthediscretetime
RJ��
��	 ��¡�

, where
��
¢ ! 3 !�7£7¤7¤![¥ and

 q
 l�¦ ¥ with l 
 < �§� . Thepropagator(2.10)canthenbedecomposedas� �a#$>�!�#$�"� l �A
QP mc m ��#Z¨ c � 7¤7£7©��# �
¨ª��« � � �a#$�y!W#$� c � �� �� (3.1)

where
#Z¨(¬1#$>�!A#®­�¬1#$�

andageneralform for theshort-timepropagatoris,asshown in appendix
C, � �a#$�¯!�#$� c � �� ��A
±° 35ts � 6  ®² �E³ 6 uLwyx{z � ��#$�q�§#$� c � � 65 � 6   �§´���#$��!�#$� c � �� �� } ! (3.2)

wheré will bedefinedbelow. Substituting(3.2) into (3.1)wefind thatthepropagatorbecomes� �a#$>�!W#$�.� l �A
µ° 35ts � 6  Z²·¶ ¸ P mc m ��#Z¨ c � 7¤7£7©��# � uLw�x{z �
¨]�8« � ��#$�q�¹#$� c � � 65 � 6   � ¨]��« � ´���#$��!�#$� c � �� �� } 7

(3.3)
As
 qº ¢

, its possibleto show that´���#$��!�#$� c � �W ��A
¡  �=�G�a#$�¯!LRJ���%���G��#$� c � !LRJ� c � �W�» � 6 (3.4)

yieldsthecorrectshort-timepropagatorwhensubstitutedinto (3.2).
We will refer to equation(3.2), with (3.4), as the primitive short-timepropagator. It is the

standardshort-timepropagatorusedin the numericalevaluationof pathintegrals. A key feature
of this propagatoris that it is not correctto first order in

 
. It is in fact only valid as

 (º ¢
.

Clearly, thedimensionof theintegral in (3.1)couldbemademuchsmallerby searchingfor short-
time propagatorsaccurateover larger time-steps.This observation hasmotivatedthe searchfor
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improvedshort-timepropagatorsfor usein pathintegral calculationsfor physicsapplications[7,
13,31]. In appendixC, weshow thatits possiblein generalto write´���#$��!�#$� c � �� ��A
¼� m]½ « � 3¾)¿ ° �  5 � 6 ² ½ 9 ½ �a#$�¯!�#$� c � �� ��O! (3.5)

where 9 ½ describesa cumulantstructurewith eachcumulantof order
��� 6  �� ½ c �

. The key result
is, we canobtaina short-timepropagatorformally correctto secondorderin

 
, by truncatingall

cumulantsbeyond the first. This truncationcorrespondsto retainingan averagingover only the
high frequency fluctuationsof the risk-neutraldiffusion process;i.e. a partial averaging. The
improvedshort-timepropagatorwill leadto amuchmoreefficientnumericalevaluationcompared
to thatobtainedby usingtheprimitiveshort-timepropagator. In appendixC, we calculatethefirst
2 cumulantsexactly for ageneralpotentialandderiveanexpansionof thepropagatorto third order
in l (a resultonly valid for smoothpotentials).

Usingtheresultsfrom appendixC, with theGBM potential(2.11),wefind that´X�a#$�y!W#$� c � �� ��AÀ
� �  �~yÁN��#$�¯!W#$� c � �� ��%�   6 ~ 65/Â ��#$��!�#$� c � �� ��%��Ã����|Äj tÅL�L! (3.6)

where ÁN��#$��!�#$� c � �W ��A
CP �­ ��ÆbST��Æ$�$P mc m �8ÇyÈ�nG��Ç¯È8�WVX�OÉ#$ÈN�)Ç¯È�!�Æ$�O! (3.7)nD�ÊÇ¯È��F
 3Ë 5ts�Ì 6È uOw�x �.�ÍÇ$6È ¦ 5�Ì 6È � (3.8)

and Ì 6È 
'� 6  y� 3 �ÎÆ$�.Æ¯!ÏÉ#$È2
'Æ%��#$�q�Î#$� c � �%�(#$� c � !§ÆG

�=Rb��RJ� c � � ¦  �7 (3.9)

Equation(3.7) is a key equationasit containsthe partial averaging. The origin of
Á

is the first
cumulantin theexpansion(3.5) andits evaluationwill leadto a short-timepropagatorcorrectto
secondorderin

 
. Expanding

Á
to order

 
is consistentwith thetruncationof thehighercumulants

in (3.5). Theorigin of Â is thesecondcumulantwhich is formally calculatedin appendixC. All
we needto know hereis that Â is of order

� 6  
, sinceit will besetto zeroat theend.Wekeepit to

determinetheorderof thefirst correctiontermdueto thetruncationof all highercumulants.After
combining(3.6),(3.3)and(2.9) andperformingthe integrationover

~
, we find that the joint PDF

becomesnD��#$>?!=@qp #$�E�ÐÀ PÑmc m ��#Z¨ c � 7¤7£7©��# � n i #Z¨-!J7£7¤!�# � p #®­jkÒ uLwyx�ÓÔÕ � � @��§ FÖ ¨�8« � ÁN��#$��!�#$� c � �W �� � 65   6 Ö ¨��« � Â �a#$�y!W#$� c � �� �� ×ÙØÚ{Û 5ts   6 ¨]�8« � Â ��#$��!�#$� c � �� ��"Ü c �E³ 6 7(3.10)

where
#Z¨�¬1#$>

,
#$�%¬1#®­

andthediscretepathPDF is givenbyn i #Z¨-!J7£7¤7£!W# � p #®­jk	
Ý° 35Us � 6   ² ¶ ¸ uOw�x{z � ¨]��« � �a#$�q�Î#$� c � ��&| �� 65 � 6   } 7 (3.11)
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Equation(3.11)describestheprobabilitydensityof realizingaparticulardiscretepathof therisk-
neutralstochasticprocess(2.2). In the limit that Â tendsto zero,the joint PDF (3.10)becomesa
deltafunctionin

@
andwecanshow, using(2.8),thattheoptionpricebecomes9;: �=�	�Þ!��W�FÀQHdc?e=fqPÑmc m ��#Z¨-7¤7¤7ß��# � n i #Z¨b!�7¤7£7¤!�# � p #®­Wk$B � HJI ¶ !W 

¨]��« � ÁN��#$��!�#$� c � �� �� � ��Ã��� t6j��6 l �L7
(3.12)

Theorderof thecorrectiontermfollows from (3.10)andasaddlepoint expansionof theGaussian
integralover

@
in (2.8).

Equation(3.12)is themajorresultof thispaper. Themulti-dimensionalintegralcanbeevaluat-
edby deterministicmethodsor moregenerallyby standardMonteCarlomethods.In this casewe
usetheobservationthat(3.12)is equivalentto anexpectationof theoptionpayoff function

B
, with

respectto thediscretelysampledrisk-neutraldiffusionprocessdefinedby (3.11),or equivalently
by (2.2). In (3.12),thediscretizationtime-scale

 
is independentof any discreteoptionsampling

time-scale.If we choose
 

to matchthe interval betweendiscreteoption sampling,we find that
(3.7)will reduceto aprimitiveshort-timepropagatorand(3.12)will become9;: �=�	�"!��W�F
'Hdc?e=f P mc m ��#Z¨-7¤7¤7ß��# � n i #Z¨b!�7¤7£7¤!�# � p #®­jk,B Û HJI ¶ !

¨]��«¯­ S;��VX�a#$�?� Ü 7 (3.13)

This is equivalent to a direct discretizationof (2.7), consistentwith a discretelysampledpath
dependentrandomvariabledescribedby (2.5)and(2.6). In thiscasenoanalyticalpartialaveraging
hasbeenperformedandthe Monte Carlo evaluationof (3.13) is completelystandard.The great
advantageof thepartialaveragingmethodis thatin (3.12),thediscretetimeinterval

 
canbechosen

to bemuchlargerthantheoptionsamplingtime-scale.Thepartialaveragingis performedin (3.7)
wherewe mustaverageover Gaussianfluctuationsaboutthe straightline path

É#$È
connecting

#$�
and
#$� c � . This correspondsto averagingover thehigh frequency fluctuationsof the risk-neutral

diffusion process.In practice,aswill be seenin the next section,the partial averagingintegral
is easily performedanalytically. It is simply the Gaussiantransformof the function

V
, which

definesthe pathdependentrandomvariablein questionvia (2.5). Of mostpracticalinterestwill
be discretelysampledpath dependentoptions,where

ST�ERt�
is given by (2.6). In this casethe

subsequentintegralover
Æ

in (3.7) reducesto adiscretesumwhich presentsno problems.
For the specialcase

¥ 
 3 , for which
 �
 l ,

# � ¬/#$> and
#®­_¬/#$�

, we find that (3.12)
becomes9;: �E�	�.!��W�AÀ H c?e=fà 5ts � 6 l P mc m ��#$> uLwyx)z � ��#$>2�Î#$���Î& l � 65 � 6 l } B � H ILK ! l Á;�a#$>?!�#$�"� l � � ��Ãy��� 6 l-á �O7

(3.14)
This describesrathergenerallyan approximatepath dependentoption price. It can be simply
evaluatedasaonedimensionalnumericalintegral. As ameasureof theaccuracy of (3.14),weask
at what time to maturity l , doestheerror termin (3.14)become38â of thetrueoptionprice. We
assumea typical market volatility of

��
 ¢ 7 5�ã
andthat theunknown coefficient of thecorrection

term is equalto the true option price. We find that l À ¢ 7 ã givesa 3Uâ error, while l À ¢ 7 5�ã
givesanerrorof approximately

¢ 7 3Uâ . Theseestimatesbegin to illustratethepowerof themethod
presentedhere.
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4 Examples

Thepreviousformulationis rathergeneralandcanbeappliedto arangeof pathdependentoptions.
In thissectionwewill show how two importantandqualitativelydifferentclassesof pathdependent
optionsfit into this framework.

4.1 Average rate options

Thepayoff of thegeometricAsianoptionis somefunctionof thepathdependentrandomvariable
givenby @�
 P >� ��R�ST�=RU�"#ZYX! (4.1)

where
#ZY

is relatedto therisk-neutralassetpriceby (2.3). From(2.5) we canidentify
V

with
#ZY

.
After performingthepartialaveraging(3.7),wefindÁ;��#$��!�#$� c � �� ��A
CP �­ ��ÆbST�aÆ®�tÉ#$È�7 (4.2)

For thecontinuoussampling(
S\��Æ®�A
 3 ) wefindÁN��#$��!�#$� c � �W ��A
¼��#$�·��#$� c � � ¦ 5 7 (4.3)

For this simpleexample
Á

is just theprimitiveshort-timepropagator.
Thepayoff of thearithmeticAsianoptionwill besomefunctionof thepathdependentrandom

variable @(
QP >� ��R�S\�=RU�WHJILäL7 (4.4)

From(2.5)we identify
V

with
H I ä

. After performingthepartialaveraging(3.7)wefindÁN��#$��!�#$� c � �� ��A
QP �­ ��ÆbST�aÆ®�WH�åILæ�ç¯è ¸æ ³ 687 (4.5)

Wecanexpand(4.5)to order
� 6  

withoutasignificantlossof accuracy. This is consistentwith the
orderof thetruncationof thecumulantexpansion(3.5). We thenfindÁ;�a#$�y!�#$� c � �� ��AÀÏP �­ ��ÆbST�aÆ®��HMåI æ � 3 ����6� y� 3 �¹Æ®�.Æ ¦ 5 ��Ã����|Äj t6L� � 7 (4.6)

Thefinal resultwill dependon whetherwe usediscreteor continuoussampling.For continuous
samplingwehave

ST�aÆ®�A
 3 and(4.6)becomesÁ;�a#$�y!�#$� c � �� ��AÀQH ILéOêdë z 3ì � H�í;� 3 � � � 6  5 ì á � H�í�� ì � 5 �%� ì � 5 � ��Ãy��� Ä   6 � } ! (4.7)

whereì 
'#$�®��#$� c � . For discretesamplingwecanperformthenecessarysummationsanalytically
so themethodis equallyeffective. It is instructive to compare(4.7) with the

Á
thatgeneratesthe

primitiveshort-timepropagator. This is obtainedby approximating(3.7)byÁ;�a#$�y!�#$� c � �� ��AÀ 35 � V���#$���%�îVX��#$� c � � � 7 (4.8)
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Onecanseethat(4.7)will only reduceto (4.8) in thelimit ì º ¢ (when
Vv
CH ILä

).
We can now use(3.12) to perform a Monte Carlo evaluationof the continuouslysampled

Asian option. Using (4.7) allows us to obtainaccurateresultsby simulatingonly relatively low
dimensionalrandompathsof (2.2). This will avoid theproblemsassociatedwith theMonteCarlo
evaluationof theseoptions[33].

4.2 Occupation time derivatives

A largeandimportantclassof pathdependentoptionsarethosewherethepayoff dependson the
time the assetprice spendswithin a given region. This classof optionshave beenreferredto
asoccupationtime derivativesand they have beendiscussedin detail by Linetsky [34, 35] and
Hugonnier[36]. Thevaluationof debtandcontingentclaimswith default risk canalsobeplaced
in this class[37, 38].

As a simpleexample,consideranoptionwith a payoff thatdependson thetime spentbelow a
possiblytime dependentbarrier ï Y . This time is a pathdependentrandomvariablewhich canbe
expressedas(andsimilarly for theabovecase)@�
1P >� ��R�ST�ERt��ð�� ï Y���HJI ä �O! (4.9)

where
ð

is asimplestepfunction.Wecanthereforeidentify
ð

with thefunction
V

in (2.5). After
performingthepartialaveraging(3.7)wefindÁ;�a#$�y!W#$� c � �� ��A
CP �­ �MÆbS\��Æ$�W¥ � ��*,+ ï Yñ�QÉ#$Èt� ¦ Ì È � ! (4.10)

where
¥

is the cumulative normal distribution function. This function is difficult to integrate
analytically. However the real caseof practical interestis discretesampling. In this casethe
integration reducesto a discretesummationand presentsno problems. Barrier optionsare the
most basicand well known exampleof optionsthat fall underthis framework. An interesting
generalizationis the stepoption which hasa finite knock-outrate. This is motivatedby risk-
managementargumentsanda varietyof possiblepayoff functionshave beendiscussed[34, 35].
All variationsareincludedin this framework sincethepayoff function is anarbitraryfunctionof
thepathdependentrandomvariable.

Considerthe exampleof derivativesdependingon the occupationtime betweentwo barriersï � and ï 6 . � Includedin this classaredoublebarrieroptions[39] andtherangeproductssuchas
rangenotesandcorridor options[40, 41]. This time is a pathdependentrandomvariablewhich
canbeexpressedas @�
 P >� ��R�S\�=RU��òßð�� ï 6 �(HJI ä ���(ð�� ï � �(HJI ä �ÞóU7 (4.11)

From(2.5)wecanidentify thefunction
V

with thedifferenceof two stepfunctions.After perform-
ing thepartialaveraging(3.7)wefindÁ;�a#$�y!�#$� c � �� ��A
 P �­ ��ÆbS\��Æ®�?ò�¥ � ��*,+ ï 6 �ÏÉ#$È8� ¦ Ì È � �(¥ � ��*£+ ï � �ÏÉ#$Èt� ¦ Ì È � óU7 (4.12)ô

theoccupationtimeoutsidethesebarrierscanbetrivially constructedfrom this time

10



Our framework is easilygeneralizedto includederivativesdependentonseveraloccupationtimes.

5 Discussion and Conclusion

The aim of this paperwasto presenta new approachto evaluatingthe price of pathdependent
options. We consideredoptionswith the generalpayoff function (2.4), contingenton a pathde-
pendentrandomvariableexpressiblein the form (2.5). The key resultsof this paperwere the
generalevaluationformula(3.12)andtheshorttimeto expiry approximation(3.14).They givethe
option price after performinganalyticallya partial averaging,definedby equations(3.7-9),over
theunderlyingrisk-neutraldiffusionprocess(2.2). Sincethemethodis analyticallybased,it also
givestheorderof theerrormadeby choosinga finite time discretization.Specificexampleswere
presentedin section4.

In (3.12), the partial averagingallows oneto choosethe discretetime interval
 

to be much
larger thantheoptionsamplingtime-scale.We could,for example,imaginechoosing

 
to beone

monthfor anoptionwith daily sampling.Clearly, thepartialaveragingmethodcangreatlyreduce
thedimensionof theintegral in (3.12). This integral canbeevaluatedmostgenerallyby standard
MonteCarlomethods.In this casethepartialaveragingwill greatlyreducethedimensionof the
randompathsto besimulated.In effect, it allows randomsimulationsto be replacedwith deter-
ministic calculations.Standardmethodsto increasetheefficiency of theMonteCarloevaluation
canstill beused.Theseincludevariancereductiontechniques[4], thesimulationof samplepaths
using the Brownian bridgeprocess[42] or the useof quasiMonte Carlo sampling[4, 43]. In-
terestingly, quasiMonteCarlo samplingis known to be moreadvantageousfor low dimensional
numericalintegrals. Thepartialaveragingmethodcanthereforeincreasetherelative gainsmade
by theimplementationof quasiMonteCarlomethods.

The framework presentedherecanbeeasilyextendedto multi-factorpathdependentoptions
[18, 22] and to pathdependentoptionsdependenton several pathdependentrandomvariables.
Pathintegralmethodshavelongbeendevelopedandusedasacomputationaltool in theoreticaland
chemicalphysics.Hopefullythework presentedherewill stimulatemoreinterestin theapplication
of thesemethodsto problemsin computationalfinance.

A Path Integral Representation

Considerastochasticprocess
#ZY

, which obeys thestochasticdifferentialequation
6��#$�%
õ�bö � ��#$�E���M��������� �.7

(A.1)

In our notation
#ZYF¬1#ñ�=RU�

. Wewill rewrite this equationas�#$��
��-ö � �a#$�E�%���%÷L�
(A.2)ø

Notethatany one-dimensionalrisk-neutraldiffusionprocesscanbecastinto this form by achangeof variable
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where
÷L��
úù�û hù � anda dot denotesthederivativewith respectto time. Thisnotationis moresuited

for thepathintegral formulation.In (A.1) we assumethat
�

in independentof
#$�

(additivenoise).
Thepathintegral formulationof themoregeneralcase(multiplicativenoise)canbefoundin [44].

ConsiderageneralcontinuousGaussiannoiseprocessü �=RU� (notethatsmall
R

denotesthetime
historyvariablebetweentime

�
and < andshouldnotbeconfusedwith theprice

�	�
). Wediscretize

this processby defininga discretetime
RJ� 
ý�Z q�þ�

, where
�¡
 ¢ ! 3 !�7£7¤7¤![¥ and

 _
 lb¦ ¥ withl 
 < �(� . Note that
 

is equivalentto
��R

when
¥ÿº �

. Thenow discreteGaussianprocessis
fully definedby thenormalizedprobabilitydensityfunctional

� i ü � !�7¤7£7¤! ü ¨Fk	
¼� 5ts � c � ³ 6 ��� u���� � c �E³ 6 uLwyx ÓÕ ��35 ¨]�	� ½ « � ü � � c �� ½ ü ½ ×Ú ! (A.3)

where ü �0
 ü �=RJ��� , g i ü � ü ½ k;
 � � ½ and � c �� ½ denotesthe inversematrix. Equation(A.3) fully
definestheprobabilitydensityof thewholehistoryof thediscreteGaussianprocess.Thisnormal-
izationconditionimplies P mc m � i ü � !�7¤7¤7£! ü ¨Ak�� ü � 7¤7¤7ß� ü ¨(
 3 7 (A.4)

Since
��� �

hasa variance
���

, we know
÷O�

will have a variance
��� c �

. We then find that for the
discretetime white noiseprocess

÷O�
, we have

g i ÷L��÷ ½ kA
4  c � ` � ½ where

` � ½ is theunit diagonal
matrix. Using(A.3) we thenfind

� i ÷ � !�7¤7¤7£![÷ ¨Xk	
±°  5ts ² ¨ ³ 6 uLwyx{z � 35 ¨]�8« �  A÷M6� } 7 (A.5)

In thecontinuouslimit this becomes

� i ÷ Y.k	
µ°  5Us ² ¨ ³ 6 uOw�x � ��35 P >� ��R ÷?6Y � ! (A.6)

wherethecontinuoustimeexpressionsarewrittenwith theunderstandingthat
 qº ¢

and
¥±º �

suchthat
¥� r
 l .

We wish to usetheprobabilitydensityfunctional(A.6) to find aprobabilitydensityfunctional
for thestochasticprocess

#ZY
. To do this we needto first discretizein time (A.2). In discretetime

(A.2) becomes #$� c #$� c �  
¼�bö � ��
#$�M�%�(�%÷O��!
(A.7)

where 
#$� 
��$#$�·�C� 3 �
�|�.#$� c � (A.8)

and
�

is a discretizationparameterbetween0 and1. From (A.7) we seethat a path � ÷ � !�7£7¤7¤![÷J¨��
mapsto a uniquepath � # � !J7£7¤7£!W#Z¨�� as long as

#®­
is given. We will thereforewrite, by virtue of

(A.4) PDmc m � i # � !�7£7¤7¤!�#Z¨rp #®­�k��þ�M# � 7¤7¤7ß��#Z¨(
 3 ! (A.9)
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where
�

, definedby �ý
�� u�� ����� � ÷L�� # ½ ����� ! ¾ !j�0
 3 !�7¤7¤7£![¥ (A.10)

is theJacobianof thechangein coordinates.In thecontinuouslimit we cansubstitute(A.2) into
(A.6) to obtain � i #ZY.k2
±°  5ts ² ¨ ³ 6 uOw�x � � 35 � 6 P >� ��R � �#ZY��(ö � �a#ZY�� � 6 � 7 (A.11)

Weshow in appendixB thattheJacobian(A.10) becomesin thecontinuouslimit

�ú
 ���| �� c ¨ uLw�x � � P >� ��Rqö � � ��#ZYW� � 7 (A.12)

Theonly sensiblechoiceis
��
 3 ¦ 5 [44]. Combiningthe Jacobianand(A.11) we obtaina new

probabilitydensityfunctional

� I�i #ZY"k2
 uOw�x � � 35 � 6 P >� ��R ���#ZY��(ö � ��#ZY���� 6 � 35 P >� ��Rrö � � �a#ZY��Þ�Í! (A.13)

which is normalizedwith respectto thefunctionalmeasure� Y which is thecontinuouslimit of

� #ZYF
 � 5Us  t� 6 � c ¨ ³ 6 ��# � 7¤7£7©��#Z¨ c � 7 (A.14)

Thismeanstheconditionalprobabilitydensityfunction(PDF) of (A.2) is givenby thepathintegralnD��#$>?!�#$���Í
 P ILKI h � #ZY � I�i #ZY"k=7 (A.15)

Theexpectationof a functional � i #ZY"k , conditionalon theinitial value
#$�

, cannow beexpressedin
thepathintegral form g I h ò � i #ZY"k¤ó�
QP mc m ��#$>AP ILKILh � #ZY � I�i #ZY.k � i #ZY.kE7 (A.16)

Using(2.7),wecannow write theoptionpricein thepathintegral form9;: �=�	�"!��W�F
'Hdc?e=fqP mc m ��#$>AP ILKILh � #ZY � I�i #ZY.k8BG��HJILK�!=@N�O7 (A.17)

Wewill notdealdirectlywith theabovepathintegralrepresentationof theoptionprice.From(2.8)
we seethatwe canextract thepayoff functionout of thepathintegral if we insteadfocuson the
pathintegral representationof thejoint PDF

nD��#$>?!=@qp #$�E�
. In thenext subsectionwewill seehow to

calculatethis function.
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A.1 Calculating the joint PDF

Thejoint PDF introducedin (2.8)canbesimplyexpressedasthepathintegralnD��#$>?!=@qp #$�E�F
 P I KI h ���#ZY � I�i �#ZY�k ` �Ê@§� �@;�O7 (A.18)

UsingtheFourierrepresentationof thedeltafunctionand(2.5),wefind that(A.18) becomesnD��#$>?!=@qp #$�E�Í
 35ts P mc m ��~yH c
^��"� P ILKILh����#ZY � I�i �#ZY�k uLwyx � � ~ P >� ��R�ST�ERU��VX� �#ZYL![Rt�Þ�Í7 (A.19)

Substituting(A.13) into (A.19) andusingP >� ��RG�#ZY�ö � ��#ZYW�Í
¡ö|��#$>d���§ö|��#$���L! (A.20)

wefind that(A.19) becomesnG�a#$>M!=@qp #$�E�F
 35Us uOw�x z ö|��#$�����§ö|��#$>U�� 6 } P mc m ��~yH c
^��"� � �a#$>?!�#$�.� l �O! (A.21)

where

�
, which wewill referto asthepropagator, is definedby� ��#$>�!�#$�.� l �A
1P ILKILh � #ZY uLwyx � � 35 � 6 P >� ��R
òU�#®6Y �����a#ZYO!LRU�Þó � (A.22)

andwhatwewill call thepotentialfunction
�

is����#ZYL!LRU�A
þö � 6U�a#ZY��X�§�|6·ö � � �a#ZY���� 5d� ~��|6	S\�=RU�$VX��#ZYj![Rt�L7
(A.23)

Of specialinterestis the geometricBrownian motion modeldefinedby (2.2). Comparing(2.2)
with (A.1), we canidentify

ö � �a#$�E�
with

&
andwe find thejoint PDF (A.21) becomes(2.9)with the

potential(2.11). Becausethedrift termis constantin this case,it canbeextractedout of thepath
integralandweareleft with animaginarypotential.

B Calculating the Jacobian

In this appendixwe will calculatetheJacobian(A.10). In discretetime thestochasticdifferential
equation(SDE) (A.2) becomes #$� c #$� c �  
¼�bö � ��
#$���%���A��
#$�?��÷O��!

(B.1)

whereit hasbeengeneralizedto includea non-constantdiffusioncoefficient. From this discrete
SDE weseethat � ÷O�� # ½ 
 ¢ !������ ¾! ��7 (B.2)
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ThereforetheJacobianmatrix is triangularandfrom (A.10) we obtain

�ú
 ¨ª�8« � � ÷L�� #$� 7 (B.3)

From(B.1) wefind 3  � #$�� ÷O� 
õ�"�®ö � � ��
#$�?� � #$�� ÷L� �#��÷O�ñ� � �$
#$�M� � #$�� ÷L� ���F��
#$�?�O! (B.4)

wherewehaveused � 
#$�� ÷L� 
 � 
#$�� #$� � #$�� ÷L� 
�� � #$�� ÷O� (B.5)

obtainedfrom (A.8). Multiplying (B.4) by
 &%(' é% I é weobtain

� ÷L�� #$� 
 3 �� )�$ö � � ��
#$�M�X�Î *��÷O�U� � �$
#$�M� t�F��
#$��� 7
(B.6)

For small
 

(B.6) becomes� #$�� ÷O� À  t�F�$
#$�M�d� 3 �§ )�·ö � � ��
#$�M�%�( *��÷O�U� � ��
#$�����À  t�F�$
#$�M� uLw�x ò  )����� � ��
#$�?��÷O�2�§ö � � ��
#$����� ó 7 (B.7)

Usingthis resultwefind¨ª��« � � #$�� ÷O� À1  ¨ Û ¨ª�8« � �F�$
#$�?� Ü uLwyx{z  *� ¨]�8« � � � � ��
#$���W÷L� �Îö � � ��
#$��� � } 7 (B.8)

In thecontinuouslimit
 qº ¢

, we thereforefind

�_c � 
þ  ¨ Û ¨ª��« � �A��
#$��� Ü uLw�x � � P >� ��R � � � ��#ZYW�W÷ Y��Îö � � �a#ZY�� ��� 7 (B.9)

FromthecontinuousSDE (A.2) wehave÷JYA
 � �#ZY%�(ö � �a#ZY�� � ¦ �F�a#ZY��L7 (B.10)

Substitutingthis into (B.9) wefind

� 
' Mc ¨ Û ¨ª�8« � �F��
#$�?� Ü c � uLwyx � �"� P >� ��R2���y�#ZY%�(ö � ��#ZYW����� � ��#ZY�� ¦ �A��#ZY��X�Îö � � �a#ZY��.� � 7 (B.11)

Thisagreeswith equation2.4.37in Stratonovich [10] whoderivestheJacobianfor ageneralmulti-
factorsystemof SDE’s. For aconstantdiffusioncoefficient (B.11) reducesto (A.12).
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C Improved Short-time Propagator

Thegoalof thisappendixis to obtainanexpansionof

� �a#$>�!�#$�"� l � in powersof l . Thederivation
hereis inspiredby the cumulantmethodusedin connectionwith the quantumstatisticaldensity
matrix [31].

We mustfirst write thepropagatorin theFourier pathintegral representation(FPIR). We de-
composethepathsas #$È�
 É#$ÈN� Û » � 6 ls Ü �E³ 6 m]�8« � + �*,.-,+���� s Æ$�� (C.1)

where É#$È2
'Æ��a#$>��Î#$�=�%��#$�.!0ÆG
 �=Rb�§�W� ¦tl 7 (C.2)

The term
É#$È

in (C.1) is thestraightline pathconnecting
#$�

and
#$>

. The remainingtermsarethe
harmonicperturbationsaboutthestraightline path.With this wecannow write35 � 6 P >� ��R¹òU�#®6Y ������#ZYL!LRU�"ó;
 �a#$>��Î#$�E� 65 � 6 l � s m]�8« � + 6� � l5 � 6 P �­ �MÆ·�D��#$ÈM!WÆ®�O7 (C.3)

Summingover all pathsbetween
#$�

and
#$>

is equivalentto integratingover all possiblevaluesof
theFouriercoefficients � + �/� . ThismeanswecanwriteP ILKILh � #ZYF

�10���+2, �43 + � � Ò P mc m � + � 7£7¤7©� + m ! (C.4)

wherethe constantis someJacobianfactor resultingfrom the changeof integration variables.
Substituting(C.4)and(C.3) into (2.10),weobtaintheFPIR of thepropagator� �a#$>�!�#$�"� l �A
 � 5 ��#$>�!�#$�"� l �$P mc m � + � 7£7¤7©� + m uOw�x)z � s m]��« � + 6� � l5 � 6 P �­ ��Æ·�G�a#$ÈM!�Æ®� } (C.5)

where

�
5 ��#$>?!�#$�.� l � is givenby�

5 ��#$>?!�#$�.� l �A
Ý° 35ts � 6 l ² �E³ 6 uOw�x Û � ��#$>2�§#$�E� 65 � 6 l Ü 7
(C.6)

TheconstantJacobianfactorin (C.4)mustequaltheprefactorof (C.6) to obtainthecorrectprop-
agatorwhen

� 
 ¢
(clearly the Jacobianis independentof the potential). We canrewrite (C.5)

as
� ��#$>?!W#$�.� l �A
 � 5 �a#$>?!�#$�.� l �¯g �ÊuLwyx ° � l5 � 6 P �­ ��Æ-����#$È�!�Æ®� ² ��687 é:9 ! (C.7)

wherethe expectationis with respectto the setof independentGaussianrandomvariables� + �/�
with zeromeanandvariance3 ¦ 5Us . TheFPIR canalsobesetup usinga referencepotentialthat is
quadratic[32].
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We canusethe FPIR (C.7) to derive an expansionin time for the short time propagator. We
haveusingthecumulantexpansion� ��#$>?!W#$�.� l �A
 � 5 �a#$>�!W#$�"� l � uOw�x Û m]½ « � 3¾)¿ °?� l5 � 6 ² ½ 9 ½ ��#$>�!�#$�"� l � Ü ! (C.8)

where 9 � 
<; � ! 9 6 
=; 6 �
;'6� ! 9 á 
�; á ��>?; � ; 6 � 5 ; á� !�7¤7¤7 (C.9)

and ; ½ 
Cg z °�P �­ �MÆ·�G��#$È�!WÆ®� ² ½ } 687 é@9 7 (C.10)

Thepropagator(C.8)hasthegeneralstructuredefinedby (3.2)and(3.5). Considerthefirst cumu-
lantwhich is 9 � �a#$>?!�#$�.� l �A
QP �­ ��Æ-g i ���a#$È�!�Æ$�.k 687 éA9 7 (C.11)

Weknow from (C.1) that
#$È

is asumof Gaussianrandomvariableswhich itself mustbeGaussian
distributed.Sowhencalculatingtheexpectation(C.11),wecanreplace

#$È
by#$È2
 É#$ÈN�{Ç¯È�!

(C.12)

where
ÇyÈ

is asingleGaussianrandomvariablewith varianceÌ 6È 
 5 � 6 ls 6 m]��« � ,.-,+ 6 ��� s Æ$�� 6 
1� 6 l � 3 �§Æ$�.Æ¯7 (C.13)

Usingthis resultwefind thatg i ����#$È�!�Æ®�"k 687 é 9 
 PDmc m ��Ç¯È�nD�ÊÇyÈ8�W���OÉ#$È��)Ç¯È�!�Æ$� (C.14)

where nD�ÊÇ¯È8�A
 3Ë 5ts�Ì 6È uOw�x ���FÇ$6È ¦ 5�Ì 6È �O7 (C.15)

Thefirst cumulantthenbecomes9 � �a#$>�!�#$�"� l �A
QP �­ ��Æ_P mc m ��Ç¯È%nG��Ç¯ÈU�W�G�OÉ#$ÈN�)Ç¯È�!�Æ$�O7 (C.16)

Expandingthepotentialaround
ÇyÈ�
 ¢

andperformingtheGaussianintegralsweobtaing i �G�a#$ÈM!�Æ$�.k 687 é@9 ÀÏ���OÉ#$È�!�Æ$�%� Ì 6È5 � � � �OÉ#$È�!�Æ®�%� Ì ÄÈB � � � � � �OÉ#$È�!�Æ®�%��Ãy� l á �O! (C.17)

which from (C.13)is anexpansionin time l .
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Considernow thesecondcumulant9 6 ��#$>?!�#$�.� l �A
 P �­ ��Æ$��Æ � Û g i ���a#$È�!�Æ$�����a#$Èj�=!WÆ � �"k 687 é 9 �(g i �G��#$È�!�Æ®�"k 687 é 9 g i ����#$Èj�E!�Æ � �.k 687 é 9 Ü 7
(C.18)

In (C.18)wecanreplace
#$È

and
#$Èj�

with#$È 
�É#$ÈN�{Ç¯È�!Î#$Èj�	
 É#$È����{Ç¯È��
(C.19)

where
ÇyÈ

and
Ç¯È �

aretwo correlatedGaussianrandomvariableswith variancesÌ 6È 
1��6 l � 3 �§Æ$�.Æy! Ì 6Èj� 
1��6 l � 3 �ÎÆ � �"Æ � 7 (C.20)

Using(C.1)wefind thecovarianceis

C �aÆ¯!�Æ � �F
1g i ÇyÈjÇ¯Èj�Êk	
 » � 6 ls m]��� �J�©« � g i + � + �J�Êk 687 é 9 ,D-£+���� s Æ®�E,.-,+���� � s Æ � ��	� � 7
(C.21)

Using g i + � + �J�Êk 687 é 9 
 35ts ` � �J� (C.22)

andtheidentity 5s 6 m]��« � ,.-,+���� s Æ$�E,D-£+���� s Æy�¤�� 6 
þÆ:FE� 3 �§Æ$G �O! (C.23)

wefind C ��Æ¯!WÆ � �F
þ��6 l Æ�FE� 3 �§Æ$G � (C.24)

where
Æ�F

is the lesserof
Æ

and
Æ �

and
Æ$G

is thegreaterof
Æ

and
Æ �

. Using(A.3), we canwrite the
probabilitydistributionof

Ç¯È
and
ÇyÈj�

asnD�ÊÇ¯È�!=Ç¯Èj�,�F
 35Us 3Ë Ì 6È Ì 6Èj� � C 6 uOw�x z � � Ì 6È�� Ç 6È � 5 C Ç¯È�ÇyÈj�?� Ì 6È Ç 6Èj� �5 � Ì 6È Ì 6È � � C 6 � } 7 (C.25)

We thereforefind thatg i �D��#$ÈM!�Æ$���D��#$Èj�E!�Æ � �.k 687 é 9 
 PÑmc m ��Ç¯È8��Ç¯È��,nD�ÊÇyÈ�!=Ç¯È����W�G�OÉ#$È;�)Ç¯È�!WÆ®���G�OÉ#$Èj���)Ç¯Èj��!�Æ � �O7 (C.26)

Substitutingthis resultand(C.14)into (C.18),wefind thatthesecondcumulantis9 6 �a#$>�!W#$�.� l �/
 P �­ �MÆ¯��Æ � °dP mc m ��Ç¯È���Ç¯Èj�8nD�ÊÇyÈ�!=ÇyÈj�,�����OÉ#$È;�)Ç¯È�!WÆ®���D�OÉ#$Èj�?�{Ç¯Èj�E!�Æ � �� P mc m ��Ç¯È8��Ç¯È���nD�ÊÇ¯È8�WnD�ÊÇ¯È����W�G�OÉ#$È;�)Ç¯È�!WÆ®���D�OÉ#$Èj�?�{Ç¯Èj�E!�Æ � � ² 7 (C.27)

Expandingthesecondcumulantaround
Ço
 ¢

wefind thatthefirst orderremainingtermis9 6 ��#$>?!�#$�.� l �AÀC�|6 l P �­ ��Æ¯�MÆ � � � �LÉ#$È�!�Æ$��� � �OÉ#$Èj�E!�Æ � ��Æ:FE� 3 �¹Æ�GJ�%��Ã����	Ä l 6L�O7 (C.28)
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This followssincetheintegralwehave to do is just thecovarianceC .
It canbeshown thatthe ¾ th cumulantis of order

��� 6 l � ½ c � . Thereforefrom (C.8)weseethat9 6 startscontributing at order l á , while 9 á startscontributing at order l Å . This meansthatto get
theexpansion(C.8)correctto order l á , weneedonly expand 9 � to order l 6 and 9 6 to order l as
hasbeendonein (C.17)and(C.28). This meansthat 9 � alonewill give thecorrectpropagatorto
order l 6 . Substituting(C.28)and(C.17)into (C.8)wefind� ��#$>?!W#$�.� l � À �

5 ��#$>�!�#$�"� l � uLw�x{z � l5 � 6 P �­ �MÆ·�D�OÉ#$ÈM!WÆ®��� l 6» P �­ ��Æ�Æ�� 3 �§Æ$�$� � � �OÉ#$ÈM!�Æ$�� � 6 l á3AH P �­ �MÆ�Æy6t� 3 �ÎÆ$��6O� � � � � �OÉ#$ÈM!�Æ®�� l áB � 6 P �­ ��Æ$��Æ � � � �OÉ#$È�!�Æ®�W� � �OÉ#$Èj�=!WÆ � ��Æ�FE� 3 �§Æ$G��%��Ãy� l Ä � } ! (C.29)

which is ourdesiredexpansionof thepropagatorto third orderin time.
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