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�
We showthatresultsfrom thetheoryof randommatricesarepotentiallyof greatinterestto understand

the statisticalstructureof the empiricalcorrelationmatricesappearingin the studyof multivariatetime
series. Thecentralresultof the presentstudy,which focuseson thecaseof financialpricefluctuations,
is the remarkableagreementbetweenthe theoreticalprediction (basedon the assumptionthat the
correlationmatrix is random)andempiricaldataconcerningthedensityof eigenvaluesassociatedto the
time seriesof the different stocksof the S&P 500 (or othermajor markets). In particular,the present
studyraisesseriousdoubtson the blind useof empiricalcorrelationmatricesfor risk management.

PACSnumbers:05.45.Tp,02.10.Sp,05.40.Ca,87.23.Ge

Empiricalcorrelationmatricesareof greatimportancein
data
�

analysisin orderto extracttheunderlyinginformation
contained� in “experimental”signalsandtime series(e.g.,
experimental� datade-noising,patternrecognition,weather
forecast,econometricdata,multivariateanalysis,etc.). In
addition
 to the direct measureof correlations,various
classes� of statistical tools, such as principal component
analysis,
 singularvaluedecomposition,andfactoranalysis,
strongly rely on the validity of the correlationmatrix in
order� to obtainthemeaningfulpartof thesignal. Thus,it
is importantto understandquantitativelytheeffectof noise
and
 of thefinitenessof thetimeseriesin thedetermination
of� theempiricalcorrelation. It is alsoadvisableto develop
“null-hypothesis” tests in order to check the statistical
validity� of the results obtained against totally random
cases.�

In thecaseof financialassets—on which we will focus
in
�

thefollowing—thestudyof empiricalcorrelationmatri-
ces� is evenmorerelevant,sinceanimportantaspectof risk
management� is the estimationof the correlationsbetween
the
�

pricemovementsof differentassets.Theprobabilityof
large
�

lossesfor a certainportfolio or optionbookis domi-
natedby correlatedmovesof its different constituents—
for
�

example,a position which is simultaneouslylong in
stocksandshortin bondswill berisky becausestocksand
bonds
�

usuallymovein oppositedirectionsin crisisperiods.
The
�

studyof correlation(or covariance)matricesthushas
a
 long history in financeandis oneof the cornerstoneof
Markowitz’s
�

theoryof optimalportfolios[1,2]: givena set
of� financialassetscharacterizedby theiraveragereturnand
risk, whatis theoptimalweightof eachasset,suchthatthe
overall� portfolio providesthe bestreturnfor a fixed level
of� risk, or conversely,thesmallestrisk for a givenoverall
return? 

More precisely,the averagereturn !#" of� a portfolio $
of�&% assets,
 is definedas '#(*),+.- /10#243658795 , where:6;=<?>A@BDCFEFEFEGC?HJI

is the amountof capital investedin the assetK ,
and
 LNMAOQP are
 the expectedreturnsof the individual assets.
Similarly,
R

the risk on a portfolio canbe associatedto the

total
�

variance S6TUWVYXJZ [8\ ]_^#`4a6b?c6b dGaed , where f is the co-
variance� matrix. Theoptimalportfolio, which minimizes
the
�

risk for a given value of g#h , can easily be found
introducing
�

a Lagrangemultiplier and leads to a linear
problemi wherethe matrix j hasto be inverted. In par-
ticular,
�

the compositionof the leastrisky portfolio hasa
large weight on the eigenvectorsof k withl the smallest
eigenvalues� [1,2].

However,
m

areliableempiricaldeterminationof acorrela-
tion
�

matrixturnsoutto bedifficult. Forasetof n different
�

assets,
 thecorrelationmatrixcontainsoqp8rts,uGvGwyx entries,�
whichl must be determinedfrom z time

�
seriesof length{

; if | is not very largecomparedto } , oneshouldex-
pecti thatthedeterminationof thecovariancesis noisyand,
therefore,
�

thattheempiricalcorrelationmatrix is to a large
extent� random. In this case,thestructureof thematrix is
dominated
�

by measurementnoise;therefore,oneshouldbe
very� carefulwhenusingthis correlationmatrix in applica-
tions.
�

In particular,asweshowbelow,thesmallesteigen-
values� of this matrix arethemostsensitiveto this “noise,”
the
�

correspondingeigenvectorsbeing preciselythe ones
that
�

determinethe leastrisky portfolios. It is thusimpor-
tant
�

to devisemethodswhichallow oneto distinguish“sig-
nal”~ from noise,i.e., eigenvectorsandeigenvaluesof the
correlation� matrix containingreal information(which one
wouldl like to includefor risk control)from thosewhichare
devoid
�

of anyusefulinformation,and,assuch,unstablein
time.
�

Fromthis point of view, it is interestingto compare
the
�

propertiesof anempiricalcorrelationmatrix � to
�

anull
hypothesispurelyrandommatrixasonecouldobtainfrom
a
 finite time seriesof strictly independentassets. Devia-
tions
�

from therandommatrix casemight thensuggestthe
presencei of trueinformation. Thetheoryof randommatri-
ces� hasalonghistorysincethe1950s[3], andmanyresults
are
 known[4]. As shownbelow,theseresultsarealsoof
genuine� interestin a financialcontext(seealso[5,6]).

The empiricalcorrelationmatrix � is constructedfrom
the
�

time seriesof pricechanges�������?��� (where
� �

labels
�

the
asset
 and � the

�
time) throughthefollowing equation(In the
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following
�

weassumethattheaveragevalueof the ��� ’ shas
been
�

subtractedoff, andthat the ��� ’ s arerescaledto have
a
 constantunit volatility �6�����G�� ¢¡£¥¤§¦©¨ .):

ªJ« ¬®­ ¯°
±²
³µ´#¶�·�¸�¹�º?»�¼G½�¾À¿ÂÁ?Ã�Ä=Å (1)

�
We
Æ

cansymbolicallywrite Eq. (1) as ÇÉÈ©ÊÌË T�ÎÍÏÍÑÐ
,

wherel Ò is a ÓtÔYÕ rectangularmatrix, and Ö denotes
�

matrix� transposition. The null hypothesisof independent
assets,
 which we considernow, translatesitself in the
assumption
 that the coeffi

×
cients� ØÚÙµÛÝÜÉÞ�ß�àâáNã�ä are
 inde-

pendent,i identically distributed,randomvariables,the so-
called� randomWishartmatricesor Laguerreensembleof
the
�

randommatrix theory [7,8]. (Note that even if the
“ true
�

” correlation� matrix åJæ ç1è_é is
�

the identity matrix, its
empirical� determinationfrom a finite time serieswill gen-
erate� nontrivial eigenvectorsand eigenvalues;see[7,9].)
We
Æ

will note êìë=íNî4ï the
�

densityof eigenvaluesof ð , de-
finedas

ñ6òeóNô4õ§ö ÷øúù�ûýüNþ ÿ��� � (2)
�

wherel ���	��
 is the numberof eigenvaluesof � lessthan

. Interestingly,if � is

�
a ����� random matrix, �����	���

is self-averagingandexactlyknown in the limit ����� , "!$#
and
 %'&)(�*,+.-0/ fi

×
xed1 [7,9] andreads

2�3�4	5�687 9:<;>=@? A BDCFEHGJILKNM�OQP	RTSNRFUHV WYXZ [
\^]H_J`]Ha bdc'e@f^g	hjilknm^oqp�r�s tnuFvxwzy (3)

�
withl {}|)~	�F�H� �<���^���J��� , andwhere ��� is equalto thevari-
ance
 of the elementsof � [9], equal to � withl our nor-
malization. In thelimit �'�)� the

�
normalizedeigenvalue

density
�

of the matrix � is the well-known Wigner semi-
circle� law,andthecorrespondingdistributionof thesquare�
of� theseeigenvalues(that is, theeigenvaluesof � )

�
is then

indeed
�

given by (3) for �'�)� . The mostimportantfea-
tures
�

predictedby Eq. (3) areasfollows:
(i)
�

The fact that the lower “edge� ” of� the spectrumis
strictly positive (except for �'�)� );� there is therefore
no eigenvaluesbetween � and
 �F�H� � . Near this edge,
the
�

density of eigenvaluesexhibits a sharp maximum,
except� in the limit  '¡)¢ (

�¤£^¥H¦ §x¨N©
),
�

whereit diverges
as
«ª­¬n®�¯ ° .

(ii)
�

The densityof eigenvaluesalso vanishesabovea
certain� upperedge±F²H³J´ .

Note
µ

that the aboveresultsare valid only in the limit¶¸·$¹
. For fi

×
nite~ º , the singularitiespresentat both

edges� aresmoothed:theedgesbecomesomewhatblurred,
withl asmallprobabilityof fi

×
nding~ eigenvaluesabove»F¼H½J¾

and
 below ¿^ÀHÁ Â , which goes to zero when Ã becomes
�

large.
�

The preciseway in which theseedgesbecome
sharpin the large Ä limit

�
is actuallyknown[10].

Now,
µ

we want to comparethe empirical distribution
of� the eigenvaluesof the correlation matrix of stocks

corresponding� to different marketswith the theoretical
predictioni given by Eq. (3), basedon the assumptionthat
the
�

correlationmatrix is purelyrandom. We havestudied
numericallythe densityof eigenvaluesof the correlation
matrix� of ÅqÆ�Ç^ÈÊÉ assets
 of theS&P 500,basedon daily
variations� duringtheyears1991–1996,for a total of ËTÌÍ,ÎÊÏÊÐ

days
�

(thecorrespondingvalueof Ñ is
�"ÒQÓ Ô^Ô

).
�

An
Õ

immediateobservationis thatthehighesteigenvalueÖØ×
is ÙÊÚ times

�
largerthanthe predictedÛFÜHÝJÞ —seeFig. 1

inset.
�

The correspondingeigenvectoris, asexpected,the
“market” itself; i.e., it hasroughly equalcomponentson
all
 of the ß stocks. Thesimplest“purei noise” hypothesis

à
is
�

thereforeclearly inconsistentwith the valueof áØâ . A
morereasonableideais that thecomponentsof the corre-
lation
�

matrix which are orthogonalto the marketis pure
noise. This amountsto subtractingthe contribution ofãFäHåJæ

from
�

the nominal value ç@è­é)ê , leading to ë�ì­íîxïNðFñHòJóõô,öø÷Nùzúüûþý
. Thecorrespondingfit

�
of theempiri-

cal� distributionis shownasadottedline in Fig. 1. Several
eigenvalues� arestill aboveÿ������ and
 mightcontainsomein-
formation,
�

therebyreducingthevarianceof theeffectively
randompart of the correlationmatrix. Onecantherefore
treat
� ���

as
 an adjustableparameter. The bestfi
×

t
�

is ob-
tained
�

for 	 
���
�� ���
and
 correspondsto the dark line in

Fig.
�

1, which accountsquite satisfactorilyfor 94% of the
spectrum,while the6%highesteigenvaluesstill exceedthe
theoretical
�

upperedgeby a substantialamount. Notethat
still abetterfi

×
t
�
couldbeobtainedby allowing for aslightly

FIG.
�

1. Smootheddensityof the eigenvaluesof � , wherethe
correlation� matrix � is

�
extractedfrom ����� �"! assets# of the

S&P
$

500 during the years 1991–1996. For comparisonwe
have
%

plotted the densityEq. (3) for &('*) +-, , and .0/21*3 4-5 6 :
this
7

is the theoreticalvalue obtainedassumingthat the matrix
is purely randomexceptfor its highesteigenvalue(dottedline).
A
8

betterfi
9

t canbe obtainedwith a smallervalueof :0;2<�= >-? @
(solid
A

line), correspondingto 74% of the total variance. Inset:
Same
$

plot, but including the highesteigenvaluecorresponding
to
7

the market,which is found to be 25 timesgreaterthan BDCDEGF .
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FIG. 2. Distribution of the eigenvector components HJIKML N-O , for fiveP different eigenvectorswell inside the intervalQSRDTDU VXWZYD[D\G]_^
, and comparisonwith the no information assump-

tion, Eq. (4). Note that there are no` adjustableparameters.
Inset: Plot of the samequantity for the highest eigenvalue,
showing marked differences with the theoretical prediction
(dashedline), which is indeedexpected.

smallereffectivevalueof a , which couldaccountfor the
existence� of volatility correlations[11].

We
Æ

haverepeatedtheaboveanalysison differentstock
markets(e.g.,Paris)andfound very similar results. In a
fi
×

rst approximation,thelocationof thetheoreticaledge,de-
termined
�

by fitting
�

the part of the densitywhich contains
most� of the eigenvalues,allows oneto distinguish“ infor-

�
mation” from noise. However,a morepreciseprocedure
can� be applied,wherethe fi

×
nite~ b effects� areadequately

treated,
�

using the resultsof [10], andwherethe effect of
variability� in c�d for the different assetscanbe addressed
[9,11].

The ideathat the low lying eigenvaluesareessentially
random canalsobetestedby studyingthestatisticalstruc-
ture
�

of the correspondingeigenvectorse . The f th� compo-
nent of the eigenvectorcorrespondingto the eigenvaluegih

willl bedenotedas jlknm o . We cannormalizeit suchthatprq sut�vxwzy {n| }�~��
. If there is no information containedin

the
�

eigenvector�l�n� � , one expectsthat for a fixed � , the
distribution
�

of �����l�n� � (as
� �

is
�

varied)is a maximumen-
tropy
�

distribution,suchthat � ����� . This leadsto theso-
called� Porter-Thomasdistributionin the theoryof random
matrices:�

�����"��� �� ��� exp�  �¡ ¢£�¤ (4)
�

As shownin Fig. 2, thisdistributionfits
�

extremelywell the
empirical� histogramof theeigenvectorcomponents,except
for
�

thosecorrespondingto thehighesteigenvalues,which
lie beyondthetheoreticaledge¥�¦�§�¨ . Weshowin theinset
the
�

distributionof © ’ s for thehighesteigenvalue,which is

markedly� differentfrom the“no~ information” assumption,

Eq. (4). Thiseigenvectoris nearlyuniform,whichreflects�
that
�

all assetsaremostaffectedby a commonfactor: the
marketitself. This is the tenetof thesimpleone-factorª
model,� muchusedin fi

×
nancial~ applications[1].

We
Æ

havefinally studiedcorrelationmatricescorrespond-
ing
�

not to price variations but to the (time dependent)
volatilities� of the different stocks,determinedfrom the
studyof intradayfluctuations.« Thesematricesshouldcon-
tain
�

somerelevantinformationfor optiontradingandhedg-
ing [12]. The obtainedresultsare againvery similar to
those
�

shownin Figs. 1 and2.
To summarize,we have shown that results from the

theory
�

of randommatricesareof greatinterestin under-
standingthestatisticalstructureof theempiricalcorrelation
matrices. Thecentralresultof thepresentstudyis there-
markable� agreementbetweenthetheoreticalpredictionand
empirical� dataconcerningboth thedensityof eigenvalues
and
 the structureof eigenvectorsof the empirical corre-
lation matricescorrespondingto severalmajorstockmar-
kets.
¬

Indeed,in thecaseof theS&P 500,94%of thetotal
numberof eigenvaluesfall in the regionwherethe theo-
retical formula (3) applies. Hence,less than 6% of the
eigenvectors,� which are responsiblefor 26% of the total
volatility,� appearto carrysomeinformation. This method
might be very useful to extract the relevantcorrelations
between
�

fi
×

nancial~ assetsof various types, with interest-
ing
�

potential applicationsto risk managementand port-
folio optimization. It is clearfrom the presentstudythat
Markowitz
�

’ s portfolio optimization schemebasedon a
purelyi historicaldeterminationof thecorrelationmatrix is
not~ adequate,sinceits lowesteigenvalues(dominatingthe
smallestrisk portfolio) aredominatedby noise. In order
to
�

removethis bias,a betterprocedurewould be to asso-
ciate� to eacheigenvectorwith the“noise~ band” a
 constant
eigenvalue,� chosensuchthat the sum of the eigenvalues
coincides� with the traceof theoriginal correlationmatrix.
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