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We showthatresultsfrom the theoryof randommatricesarepotentiallyof greatinterestto understand
the statisticalstructureof the empirical correlationmatricesappearingn the study of multivariatetime
series. The centralresultof the presentstudy,which focuseson the caseof financial price fluctuations,
is the remarkableagreementbetweenthe theoretical prediction (basedon the assumptionthat the
correlationmatrix is random)andempiricaldataconcerningthe densityof eigenvaluesssociatedo the
time seriesof the different stocksof the S&P 500 (or other major markets). In particular,the present
studyraisesseriousdoubtson the blind useof empirical correlationmatricesfor risk management.
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Empiricalcorrelationmatricesareof greatimportancen
dataanalysisn orderto extractthe underlyinginformation
containedin “experimental”signalsandtime series(e.g.,
experimentablatade-noising patternrecognition,weather
forecasteconometridata,multivariateanalysisetc.). In
addition to the direct measureof correlations,various
classesof statisticaltools, such as principal component
analysissingularvaluedecompositionandfactoranalysis,
strongly rely on the validity of the correlationmatrix in
orderto obtainthe meaningfulpartof the signal. Thus, it
isimportantto understandjuantitativelythe effectof noise
andof thefinitenesf thetime seriesn thedetermination
of theempiricalcorrelation. It is alsoadvisablgo develop
“null-hypothesis” testsin order to check the statistical
validity of the results obtained againsttotally random
cases.

In the caseof financialassets—on which we will focus
in thefollowing—the studyof empiricalcorrelationmatri-
cesis evenmorerelevantsinceanimportantaspecbdf risk
managemernis the estimationof the correlationsbetween
thepricemovement®f differentassets.Theprobability of
largelossedor a certainportfolio or optionbookis domi-
natedby correlatedmovesof its different constituents—
for example,a position which is simultaneouslylong in
stocksandshortin bondswill berisky becausestocksand
bondsusuallymovein oppositedirectionsin crisisperiods.
The studyof correlation(or covariance)natricesthushas
a long historyin financeandis one of the cornerstoneof
Markowitz's theoryof optimalportfolios[1,2]: givena set
of financialassetgharacterizety theiraverageeturnand
risk, whatis the optimalweightof eachassetsuchthatthe
overall portfolio providesthe bestreturnfor a fixed level
of risk, or converselythe smallestrisk for a givenoverall
return?

More precisely,the averagereturn Rp of a portfolio P
of N assetsis definedasRp = 2?’:1 piR;, wherep; (i =
1,...,N) is the amountof capitalinvestedin the asseti,
and{R;} arethe expectedeturnsof the individual assets.
Similarly, the risk on a portfolio canbe associatedo the
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total variancecr,% = Zf-\fl-zl piCijpj, whereC is the co-
variancematrix. The optimal portfolio, which minimizes
the risk for a given value of Rp, can easily be found
introducing a Lagrangemultiplier and leadsto a linear
problemwherethe matrix C hasto be inverted. In par-
ticular, the compositionof the leastrisky portfolio hasa
large weight on the eigenvectorof C with the smallest
eigenvalue$l,?].

However areliableempiricaldeterminatiorof acorrela-
tion matrixturnsoutto bedifficult. Forasetof N different
assetsthecorrelationmatrixcontaingV(N — 1)/2 entries,
which mustbe determinedirom N time seriesof length
T; if T is not very largecomparedo N, one shouldex-
pectthatthedeterminatiorof the covariancess noisyand,
thereforethatthe empiricalcorrelationmatrixis to alarge
extentrandom. In this case the structureof the matrix is
dominatedby measuremerrioise;therefore pneshouldbe
very carefulwhenusingthis correlationmatrix in applica-
tions. In particular,aswe showbelow,thesmallesteigen-
valuesof this matrix arethe mostsensitiveto this “noise,”
the correspondingeigenvectorsbeing preciselythe ones
that determinethe leastrisky portfolios. It is thusimpor-
tantto devisemethodsvhich allow oneto distinguish'sig-
nal” from noise,i.e., eigenvectorand eigenvaluef the
correlationmatrix containingreal information (which one
wouldlike to includefor risk control)from thosewhichare
devoidof anyusefulinformation,and,assuch,unstablen
time. Fromthis pointof view, it is interestingto compare
thepropertieof anempiricalcorrelationmatrix C to anull
hypothesigpurelyrandommatrix asonecould obtainfrom
a finite time seriesof strictly independentissets. Devia-
tions from the randommatrix casemight thensuggesthe
presencef trueinformation. Thetheoryof randommatri-
ceshasalonghistorysincethe19509[3], andmanyresults
areknown[4]. As shownbelow,theseresultsarealsoof
genuineinterestin a financialcontext(seealso[5,6]).

The empirical correlationmatrix C is constructedrom
thetime seriesof price changesdx;(¢) (wherei labelsthe
assetnd: thetime) throughthefollowing equation(In the
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following we assumeéhattheaverageralueof the §x’shas
beensubtracteff, andthatthe 6 x’s arerescaledo have
a constantunit voIatiIity o? = (8x7) = L)

T

Z xi(£)6x;(1)

)

We cansymbolicallywrite Eq. (1) asC = 1/TM MT,
whereM is a N X T rectangulamatrix, and T denotes
matrix transposition. The null hypothesisof independent
assets,which we considernow, translatesitself in the
assumptionthat the coeficients M;, = 5x;(tr) are inde-
pendentjdentically distributed,randomvariables the so-
calledrandomWishartmatricesor Laguerreensembleof
the randommatrix theory [7,8]. (Note that evenif the
“true’ correlationmatrix Cyy. is the identity matrix, its
empiricaldeterminatiorfrom afinite time serieswill gen-
eratenontrivial eigenvectorsand eigenvaluessee[7,9].)
We will note pc(A) the densityof eigenvalueof C, de-
finedas

pen) = 2, @

wheren(A) is the numberof eigenvalueof C lessthan
A. Interestingly,if M isaT X N randommatrix, pc(A)
is self-averagingand exactly knownin the limit N — oo,
T — xandQ = T/N = 1 fixed[7,9] andreads

Q \/(/\max - /\) (/\ /\min)

2mo? A ’

pc(A) =

2 @)
AN = g2(1 + 1/Q = 24/1/0),

min

With A € [Amin, Amax |, andwhereo? is equalto the vari-
anceof the elementsof M [9], equalto 1 with our nor-
malization. In thelimit Q = 1 thenormalizedeigenvalue
densityof the matrix M is the well-known Wigner semi-
circle law, andthe correspondinglistributionof thesquare
of theseeigenvaluegthatis, the eigenvalue®f C) isthen
indeedgivenby (3) for 0 = 1. Themostimportantfea-
turespredictedby Eq. (3) areasfollows:

(i) The fact that the lower “edgé of the spectrumis
strictly positive (exceptfor QO = 1); thereis therefore
no eigenvaluesbetween0 and A,;,,. Near this edge,
the density of eigenvaluesexhibits a sharp maximum,
exceptin thelimit Q = 1 (Amin = 0), whereit diverges
as~1/vJ/A.

(i) The densityof eigenvaluesalso vanishesabovea
certainupperedgenax .-

Note that the aboveresultsare valid only in the limit
N — «, For finite N, the singularitiespresentat both
edgesaresmoothedthe edgeshecomesomewhablurred,
with a smallprobability of finding eigenvaluesiboveA,,.x
and below A.;,, which goesto zero when N becomes
large. The preciseway in which these edgesbecome
sharpin thelargeN limit is actuallyknown[10].

Now, we want to comparethe empirical distribution
of the eigenvaluesof the correlation matrix of stocks
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correspondingto different marketswith the theoretical
predictiongiven by Eg. (3), basedon the assumptiorthat
the correlationmatrix is purelyrandom. We havestudied
numericallythe density of eigenvaluesf the correlation
matrix of N = 406 assetof the S&P 500, basedon daily
variationsduringtheyears1991-1996,for atotal of T =

1309 days(the corresponding/alueof Q is 3.22).

An immediateobservatioris thatthehighesteigenvalue
A1 is 25 timeslargerthanthe predictedA,.x —seeFig. 1
inset. The correspondingigenvectoiis, asexpectedthe
“market itself; i.e., it hasroughly equalcomponentn
all of the N stocks. The simplest‘purenois€ hypothesis
is thereforeclearly inconsistentwith the valueof A;. A
morereasonablédeais thatthe component®f the corre-
lation matrix which are orthogonalto the marketis pure
noise. This amountsto subtractingthe contribution of
Amax from the nominal value o> = 1, leadingto o2 =
1 — Amax/N = 0.85. Thecorrespondindit of theempiri-
caldistributionis shownasadottedline in Fig. 1. Several
eigenvaluearestill abovel,,.x andmightcontainsomein-
formation,therebyreducingthe varianceof the effectively
randompart of the correlationmatrix. Onecantherefore
treat o> as an adjustableparameter. The bestfit is ob-
tainedfor o> = 0.74 and correspondso the dark line in
Fig. 1, which accountsquite satisfactorilyfor 94% of the
spectrumwhile the6% highesteigenvaluestill exceedhe
theoreticalupperedgeby a substantiabmount. Notethat
still abetterfit could be obtainedoy allowing for a slightly
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FIG. 1. Smootheddensityof the eigenvaluef C, wherethe
correlationmatrix C is extractedfrom N = 406 assetsof the
S&P 500 during the years 1991-1996. For comparisonwe
have plotted the density Eq. (3) for @ = 3.22 and > = 0.85:
this is the theoreticalvalue obtainedassumingthat the matrix
is purely randomexceptfor its highesteigenvalugdottedline).
A betterfit canbe obtainedwith a smallervalue of o> = 0.74
(solid line), correspondingo 74% of the total variance. Inset:
Sameplot, but including the highesteigenvaluecorresponding
to the market,which is found to be 25 timesgreaterthan A .« -
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FIG. 2. Distribution of the eigenvector componentsu =
v..i, for five different eigenvectorswell inside the interval
[Amin»> Amax J, @nd comparisonwith the no information assump-
tion, Eq. (4). Note that there are no adjustableparameters.
Inset: Plot of the samequantity for the highesteigenvalue,
showing marked differences with the theoretical prediction
(dashedine), which is indeedexpected.

smallereffectivevalue of Q, which could accountfor the
existenceof volatility correlationg11].

We haverepeatedhe aboveanalysison different stock
markets(e.g., Paris)and found very similar results. In a
firstapproximationthelocationof thetheoreticakdge de-
terminedby fitting the part of the densitywhich contains
mostof the eigenvaluesallows oneto distinguish*infor-
matior’ from noise. However,a more preciseprocedure
canbe applied,wherethe finite N effectsare adequately
treated,usingthe resultsof [10], and wherethe effect of
variability in ¢? for the different assetxanbe addressed
[9,11].

The ideathat the low lying eigenvaluesare essentially
randomcanalsobetestedby studyingthe statisticalstruc-
ture of the correspondingeigenvectors The ith compo-
nent of the eigenvectorcorrespondingo the eigenvalue
Ao Will bedenotedasv, ;. We cannormalizeit suchthat

¥ va: = N. If thereis no information containedin
the eigenvectorv, ;, one expectsthat for a fixed «, the
distributionof u = v, ; (asi is varied)is a maximumen-
tropy distribution,suchthatu? = 1. Thisleadsto the so-
calledPorter-Thomaslistributionin the theoryof random
matrices: ,

1 u
Ner exp 5 4)
As shownin Fig. 2, thisdistributionfits extremelywell the
empiricalhistogranmof theeigenvectocomponentsexcept
for thosecorrespondingdo the highesteigenvalueswhich
lie beyondthetheoreticakdge.x. We showin theinset

thedistributionof u’s for the highesteigenvaluewhichis

P(u) =

markedlydifferentfrom the “no informatiorf assumption,
Eq. (4). Thiseigenvectors nearlyuniform,whichreflects
that all assetsare mostaffectedby a commonfactor: the
marketitself. Thisis the tenetof the simpleone-factorg
model,muchusedin financialapplicationg1].

We havefinally studiedcorrelationmatricescorrespond-
ing not to price variations but to the (time dependent)
volatilities of the different stocks, determinedfrom the
studyof intradayfluctuations. Thesematricesshouldcon-
tainsomerelevaninformationfor optiontradingandhedg-
ing [12]. The obtainedresultsare againvery similar to
thoseshownin Figs. 1 and?2.

To summarize,we have shown that resultsfrom the
theory of randommatricesare of greatinterestin under-
standinghestatisticaktructureof theempiricalcorrelation
matrices. The centralresultof the presenistudyis there-
markableagreemenipetweerthetheoreticapredictionand
empiricaldataconcerningooth the densityof eigenvalues
and the structureof eigenvectorsf the empirical corre-
lation matricescorrespondindo severalmajor stockmar-
kets. Indeed,in the caseof the S&P 500,94% of thetotal
numberof eigenvaluedall in the regionwherethe theo-
retical formula (3) applies. Hence,lessthan 6% of the
eigenvectorswhich are responsiblefor 26% of the total
volatility, appeato carry someinformation. This method
might be very useful to extractthe relevantcorrelations
betweenfinancial assetsof various types, with interest-
ing potential applicationsto risk managemenand port-
folio optimization. It is clearfrom the presentstudythat
MarkowitZ s portfolio optimization schemebasedon a
purely historicaldeterminatiorof the correlationmatrix is
not adequatesinceits lowesteigenvaluegdominatingthe
smallestrisk portfolio) are dominatedby noise. In order
to removethis bias, a betterprocedurewvould be to asso-
ciateto eacheigenvectomwith the “noiseband a constant
eigenvalue chosensuchthat the sum of the eigenvalues
coincideswith the traceof the original correlationmatrix.

We wantto thankJ.P. Aguilar, M. Meyer,J.M. Lasry,
andS. Gallucciofor discussions.

*To whom correspondencshould be sent.
Electronic addresslaurent.laloux@scienciaance.fr

[1] E.J.EltonandM. J. Gruber,ModernPortfolio Theoryand
Investmeninalysis(J. Wiley andSons,New York, 1995);
H. Markowitz, Portfolio Selection: Efficient Diversifica-
tion of Investment¢J. Wiley and Sons,New York, 1959).

[2] J.P. Bouchaudand M. Potters,Theory of Financial Risk
(Aléa-Saclay,Eyrolles, Paris, 1997) (in French, English
translationto be published).

[3] For a review, see O. Bohigas and M.J. Giannoni,
Mathematical and Computational Methods in Nuclear
Physics, Lecture Notes in Physics Vol. 209 (Springer-
Verlag, Berlin, 1983).

[4] M. Mehta,RandomMatrices(AcademicPressNew York,
1995).

[5] S. Galluccio, J.P. Bouchaud,and M. Potters, Physica
(Amsterdam)259A, 449 (1998).

1469



VOLUME 83, NUMBER 7 PHYSICAL REVIEW LETTERS 16 AuGusT 1999

[6] L. Laloux, P. Cizeau, J.P. Bouchaud,and M. Potters, [10] M. J.Bowick andE. Brézin, Phys.Lett. B 268, 21 (1991);
RandomMatrix Theory,Risk Magazinel2, 69 (1999). seealsoM. K. SenerandJ.J.M. VerbaarschotPhys.Rev.

[7] A. Edelman,SIAM J. Matrix Anal. Appl. 9, 543 (1988), Lett. 81, 248(1998);J. FeinbergandA. Zee,J. Stat.Phys.
andreferencegherein. 87, 473 (1997).

[8] T.H. Baker, P.J. Forrester,and P.A. PearceJ. Phys.A [11] L. Laloux, P. Cizeau,J.P. Bouchaud,and M. Potters(to
31, 6087(1998). be published).

[9] A.M. Sengupta and P.P. Mitra, e-print cond-mat [12] For a review, seeJ. Hull, Options, Futures and Other
9709283, where the authors generalize the results of Derivative Securities (Prentice-Hall, Englewood Cliffs,
randomWishart matricesin the presenceof multivariate NJ, 1997).For a physicistapproachsee|[2].

correlationsboth in spaceandtime.

1470



